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Abstract
This paper investigates the effectiveness of time-dependent data in improving the quality of AI-based products and
services. Time-dependency means that data loses its relevance to problems over time. This loss causes deterioration
in the algorithm's performance and, thereby, a decline in created business value. We model time-dependency as a shift
in the probability distribution and derive several counter-intuitive results.
We, theoretically, prove that even an infinite amount of data collected over time may have limited substance for
predicting the future, and an algorithm that is trained on a current dataset of bounded size can attain a similar
performance. Moreover, we prove that increasing data volume by including older datasets may put a company in a
disadvantageous position.
Having these results, we answer questions on how data volume creates a competitive advantage. We argue that timedependency weakens the barrier to entry that data volume creates for a business. So much that competing firms
equipped with a limited, but sufficient, amount of current data can attain better performance. This result, together with
the fact that older datasets may deteriorate algorithms' performance, casts doubt on the significance of first-mover
advantage in AI-based markets.
We complement our theoretical results with an experiment. In the experiment, we empirically measure the value loss
in text data for the next word prediction task. The empirical measurements confirm the significance of timedependency and value depreciation in AI-based businesses. For example, after seven years, 100MB of text data
becomes as useful as 50MB of current data for the next word prediction task.
Keywords: Economics of AI, machine learning, non-stationarity, perishability, value depreciation

1. Introduction
We are witnessing a dramatic acceleration of digitization in infrastructure, products, and services. Artificial
Intelligence (AI) enabled solutions are on the rise, and more than ever, data appears to be a critical strategic
asset [1,5,12,17]. As a result, companies are amassing substantial volumes of user data to improve their
current and future services, hoping that it gives them an advantage over their competitors.
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Recent research hypothesizes that AI-enabled products' quality improves from a reinforcing feedback loop
created by increasing data volume [23,27]. Gregory et al. [23] compare this data externality to network
effects, where the value of a service or product increases in user-base size. In the "data network effect"
[23,26,35], more data leads to a higher quality of algorithms, which means better services [24]. Better
service then leads to a higher user engagement or larger user-base, which in turn creates even more data.
The logic is intuitive, and generally speaking, the more the data, the more the value created and delivered.

Beyond the generality, we want to delve into the mechanisms by which data generates value, and then study
whether data volume creates benefits such as barriers to entry or other competitive advantages. More
specifically, we would like to understand how data characteristics influence the way created value scales in
a business. Examples of those characteristics include the dataset's size, information richness, potential
biases, and time dependency. From an economics perspective, factors influencing the strength of any
potential "data network effect" can include whether the data is exclusive, imitable, nonrival,
complementary, or perishable [12,31,38,42].

Of data characteristics, we identify time-dependency and perishability as key characteristics with a
quantifiable mechanism to influence value creation. Time-dependency refers to the time since a data point
was sampled or the time period over which a dataset was collected. Both definitions are the subject of
research in this study. The perishability refers to the value loss as the dataset ages. With this definition, we
call a dataset that loses its value over time, a perishable dataset.

In this paper, we investigate the impact of time-dependency and data perishability on the effectiveness of a
dataset in creating value for a business. Any product or service can be the outcome of many tasks. In lieu
of studying many tasks, we focus our attention on a generic task and study how time-dependency and
perishability characteristics influence the AI performance on that task. In practice, a company must study
the value that a dataset creates for all tasks and the tasks' inter-relations. It can then derive the overall impact
of the dataset on the entire business.

To study the effectiveness of a dataset, our base of comparison would be a dataset of similar size that is
sampled independently, without bias or any delay compared to testing time. We refer to it as the baseline
dataset. Without delay means that data sampling, training, and testing happen in a relatively short time, and
hence, we have stationarity. The comparison would be then between the baseline dataset and the one we
have in hand, which is sampled indeed unbiasedly and independently; however, testing time is different
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from the sampling time. In other words, we fix all characteristics of the datasets and compare the
effectiveness only in the time dimension.

In our study, we observe time-dependency as a shift in data's probability distribution over time. In this view,
we relate gradual changes in the real world to increase or decrease in their appearance frequency in the
dataset. Our goal is then to see how changes in the probability distribution alter an algorithm's performance.
We expect a higher loss value due to the differences in distributions. A higher loss value means that if we
do not have time-dependency (If we use baseline dataset for training), a dataset of smaller size can generate
a similar loss value. Therefore, we conclude that a given dataset, for a given task, loses a portion of its
power, and we refer to this loss as perishability.

Without loss of generality, we only investigate the problem of learning the probability distribution. Because
it is the ultimate goal of statistical learning problems, and we can directly derive every statistic from the
learned distribution. We also use the Maximum Likelihood Estimation (MLE) of the probability distribution
for our analysis since it is a consistent and efficient estimator. Efficiency means that the MLE reaches
Cramer-Rao lower bound, and hence, for any given number of data points, it has the lowest estimation
variance between unbiased estimators. Furthermore, on the execution side, we assume that algorithms
converge to the globally optimal points.

We present several counter-intuitive results. We prove that even a dataset of infinite size from a wrong
distribution has limited predictive substance, which can be met by a dataset of bounded size sampled from
the right distribution. Relating this to time-dependency, increasing training dataset size with the data
sampled from the very past (Lost its relevance significantly) may not improve an algorithm's performance.
Furthermore, we argue that using data from a very distant past may deteriorate the algorithm's performance.
Therefore, this performance decline over time may put a firm in a disadvantageous position.

The performance decline argument requires further investigation into the functional form of algorithms'
performance versus data over time. We need to know if, over time, the algorithm's performance is
deteriorating monotonically. To confirm the monotonic behavior, we empirically measure the effectiveness
curve of data over time. For a given time, the effectiveness curve shows the effective size of a dataset
compared to a baseline dataset.

We choose the next word prediction task for our empirical measurements and use a dataset [19] from
Reddit.com. After confirming the effectiveness curve's semi-monotonicity, we propose a simple framework
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to improve the effectiveness of a dataset sampled over a period of time. The method, called sequential
offloading, deletes data from the past in the hope of increasing the relevance (Freshness) of a dataset. Upon
successful deletion, a dataset loses size, which reduces the complexity of operations and gains relevance,
which means it has better merit. We use this method to prove the argument that we made earlier on how
data may put a firm at a disadvantage.

In this paper, in the framework section, we explain our approach to the problem and clarify why we made
particular choices. Then, in section 3, we introduce the effectiveness curve and explain value depreciation
over time. We show the bounded effectiveness in this section. Section 4 investigates the effectiveness of
datasets curated over time. These datasets are a combination of recent and old data. We explain sequential
offloading and suggest that, in businesses with high time-dependency, old data may put a firm in a
disadvantaged position. Section 5, empirically, measures the value depreciation for the next word prediction
task. Finally, in the conclusion section, we wrap this paper with a discussion.

1.1 Literature Review
Our work is related to several areas in machine learning, economics, and statistics. The entire statistics and
machine learning literature consider data as a fundamental asset. Our work contributes to the applied
machine learning literature by providing insights into evaluating the value of perishable data. Notably, our
sequential offloading algorithm provides a method for data scientists to determine the value that data has
for a particular learning problem. It enables them to better manage their resources toward developing more
effective AI-based solutions.

In the economics literature, the impact of data and AI on economics and firm performance has been
examined by several authors [e.g., 3,4,8,11,28,29,37,41,43]. As stated in [4], AI is a general-purpose
technology that reduces the price of prediction. Prediction problems are fundamental in many economic
sectors, and the new technology changes the way firms operate, which has implications on productivity [3],
employment [8], inequality [29], and competition [41]. Despite its rapid advancement in recent years [11],
the technology is still far from maturity, and its impact, compared to its potential, is minimal. [43] provides
an overview of challenges that industries are facing and how these challenges affect the industrial
organization of providers and adopters of AI technology. [15] studies the widespread application of machine
learning in fields other than computer science, thereby attesting to its potential for innovation in different
areas. As an example, in economics and specifically in market design, [32] discusses the applications.
Because of AI's widespread applications, data becomes an essential asset for firms and for the economy in
general, which motivates companies to curate big datasets.
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Acquiring data can happen in many ways. While firms may purchase data through an intermediary, they
may also organically gather datasets over time from interactions with their users. In both methods, there are
privacy concerns that may prevent users from sharing data. [10], through modeling an intermediary that
acquires data from users and sells the obtained data to firms, investigates the issue of data externality and
privacy. [2] discusses similar issues for organic data generation and claims that more data lowers the privacy
barrier and motivates more users to share their data. This argument, together with the data network effect
arguments above, suggests a significant growth rate in the size of a firm's data repository. [9, 20, 21]
proposed a growth model for data in firms and the economy. They answer questions on the firm’s growth
process.

Our paper researches the effectiveness of curated datasets, and hence, is not concerned with data solicitation
and growth of the firm's data repository. We argue that curating big datasets and blindly using them may
not always give a firm a significant advantage, and it may even put a firm in a disadvantageous position.
Our arguments, thus, question universal assumptions about the value of data for a firm and how it may
change the modes of competition. More precisely, we investigate how and if curating large datasets can
create barriers to entry and deter threats from entrants.

[17,18,33,34,38] discuss the implication of AI and, more precisely, data on competition. About data,
particularly, most debates are around its volume and whether it creates a competitive advantage. Some of
these studies focus on the antitrust issues and the potential role that data plays in creating a winner take all
(monopoly) situation. [31,39] are examples of these studies. Furthermore, there are researches on how data
can improve the prediction quality of services with respect to either the degree of personalization [25,39]
or between adjacent products [7]. These researches have direct strategy implications on how firms compete
on growing the user-base.

We believe that data characteristics play a crucial role in the value creation cycle and the modes of
competition. For example, non-rivalry and exclusivity of a dataset to a firm can prevent other players from
obtaining it, which in turn puts the owner in a superior position. Under exclusivity, data becomes an asset
that behaves like the supply of a physical good. Biases build a harmful environment for both the company
and its users. For the algorithm's fairness and potential biases, [16] provides a discussion. Paying closer
attention to dataset characteristics, we can see that time-dependency and perishability are similar since the
sampling time determines them both. It is of great interest to see how dependency on time changes the
strength of data externalities and influences the value creation cycle.
pg. 5
Harvard Business School Working Paper, No. 21-016

Perhaps the closest research to ours is [14], where the authors investigate the effect of historical search data
on search results' quality. They found little empirical evidence on the effectiveness of old data in the quality
of search engine results. Also, [6] raises a question on the economy of scale that data provides for specific
problems. They suggest a diminishing return to scale value model for data and argue that increasing data
volume in advertisement applications does not improve the service quality. The results in these papers
endorse our findings on the effectiveness of perishable data. We believe that both the search engine and
advertisement businesses use time-sensitive data and hence, face significant time dependency. Therefore,
the data loses its effectiveness quickly, contributing to not seeing significant improvement in prediction
quality.

2. Background and Framework
In this section, our goal is to introduce how we approach the problem and explain why we make particular
choices. We first describe time-dependency as a shift in distribution over time and dig into its cause. We
argue that time-dependency is mostly due to exceptional reasons that most often cause a monotonic decrease
in the value of data over time. We then have a brief introduction to machine learning and explain why we
focus on the probability distribution's maximum likelihood estimation. We mainly introduce a
decomposition of the MLE's objective function to lay the groundwork for the next section's propositions.
We finally formalize the notion of effectiveness and define the substitution gain curve as a proportion of
two effectiveness quantities; one from past and the other from the substitute time.

2.1. Change in distribution
Time-dependency is due to many reasons, among which we can mention the change in consumers' tastes
and behavior. If we look at music albums' best sellers from the 80s and compare them with the best sellers
in 2020, we can see the difference in taste. Innovation is another reason for the change because, nowadays,
we witness continuous innovation and considerable variation in product and services space. Telegram
seems ancient these days, and so will be the hardline telephones soon. Because of the differences, it is not
easy to translate the environment from different times to each other. Perhaps the way people communicate
is the best way to observe such changes. Hundreds of years ago, people used letters and the post to
communicate to far distances. If we use those letters to train a text auto-completion model for smartphones
today, users will be disappointed. It is because, today, we use some expressions or words less frequently.
From a scientific modeling perspective, it is as if data generating distribution is changed and has lower
significance for those particular words or expressions. In the meantime, the language allows for the birth
of new phrases and words, which is equivalent to an increase in their frequency of use. This birth and death
pg. 6
Harvard Business School Working Paper, No. 21-016

process of probability space elements is among the very reasons we see the depreciation in data value over
time.

Almost everything related to the effectiveness or relevance of a dataset, like the shift in consumer tastes or
other contributing factors in perishability, can be observed in the data's histogram. In this view, a particular
datapoint loses its relevance over time if the number of times it shows up becomes larger/smaller (Compared
to today) over time. It is because it is not reflecting the actual frequency of the datapoint, and hence, it
overestimates/underestimates its importance. For example, think of a song on Spotify and assume that the
company saves subscriber's data over time. If the number of times a particular song is requested declines,
its appearance frequency declines in the data as well, and hence, we should expect a smaller value in the
histogram. Despite expecting a decline, its higher frequency in the past data leads to overestimation.
Alternatively, if the number of times a song is played increases over time and we use the dataset with its
lower appearance frequency, we underestimate its importance.

We believe that over time, more elements are either born or eliminated. Since it is unlikely for dying
elements (Elements whose appearance frequency becomes smaller) to gain relevance over time, we expect
some sort of monotonic behavior in the relevance or effectiveness of data. There may still be arguments
about domains like fashion or periodic things like seasonal and recurring events. We conjecture that there
are slight bouncing back in relevance over time, but as our experiment on Reddit data shows, the effect is
negligible. Intuitively, we argue that fashion, by definition, requires exclusivity, and it is highly unlikely to
witness a complete comeback of older tastes. As of recurring events and seasonal data, like purchasing
behavior at Christmas or Valentine's, we should not forget the innovation in the product and services space.
We may observe specific behavior on those occasions, but still each time, there is something different.

To compare histograms and distributions over time, we create a universal set of elements. Without it, we
cannot compare elements from the past and future. For example, the word iPhone is created in the 2000s.
In the language dataset from 1900, this element does not exist, and hence, it is not measurable. Therefore,
it is natural to put this word in the element set of the 1900s' probability space and designate it a zero
probability. In our research, we add nonexistent elements like iPhone to the element set of every other time.
Still, instead of assigning them a zero probability, we give them an infinitesimal value. This infinitesimal
probability helps us use different functional forms like the log function without being worried if they are
on the functional domains.
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Formalizing the assumptions we made so far, we assume that the prediction is for time 0 with a model
trained on data from the past. The data is from a time that is t period prior time 0 where 𝑡𝑡 ∈ {0} ∪ ℝ+ . For

the sake of simplicity, we call it sampled data at time 𝑡𝑡. We show the element set at time 𝑡𝑡 by 𝜒𝜒𝑡𝑡 and define

the probability space by �𝜒𝜒𝑡𝑡 , 𝜎𝜎(𝜒𝜒𝑡𝑡 ), 𝑃𝑃�𝑡𝑡 �. The universal probability space is then (𝜒𝜒, 𝜎𝜎(𝜒𝜒), 𝑃𝑃𝑡𝑡 ), where 𝜒𝜒 =
⋃ 𝜒𝜒𝑡𝑡 and

𝑃𝑃�𝑡𝑡
𝑃𝑃𝑡𝑡 (𝑥𝑥) = �1 − 𝛿𝛿
𝛿𝛿𝑥𝑥

𝑥𝑥 ∈ 𝜒𝜒𝑡𝑡

𝑥𝑥 ∈ 𝜒𝜒 − 𝜒𝜒𝑡𝑡

𝛿𝛿 = ∑𝑥𝑥∈𝜒𝜒−𝜒𝜒𝑡𝑡 𝛿𝛿𝑥𝑥 and 𝛿𝛿𝑥𝑥 > 0 . As explained earlier, we prefer δ to be zero, but due to some regulatory
conditions in the MLE’s loss function, we assume δ is infinitesimal. With this change in the measure, it is
possible to compare datasets and define the shift in distribution. A change in distribution between the time
𝑖𝑖 and 𝑗𝑗 means ∃ 𝑥𝑥 ∈ 𝜒𝜒 𝑠𝑠. 𝑡𝑡. 𝑃𝑃𝑖𝑖 (𝑥𝑥) ≠ 𝑃𝑃𝑗𝑗 (𝑥𝑥).
2.2. Learning Data Distribution
Machine learning is fundamentally dealing with finding meaningful relations between inputs and outputs
of an unknown system. In this framework, the unknown system is doing a particular task, and our goal is
to mimic the way the system operates as closely as possible. Putting this into mathematical semantic, given
a dataset 𝐷𝐷𝑛𝑛,𝑡𝑡 = {(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 )𝑡𝑡 }𝑛𝑛𝑖𝑖=1 , which is composed of 𝑛𝑛 input-output samples collected at time 𝑡𝑡, we want

to find a model or a function 𝑚𝑚(𝑥𝑥, 𝑦𝑦) ∈ ℳ that describes the relationship between the input vector 𝑥𝑥𝑖𝑖 and

the output 𝑦𝑦𝑖𝑖 . ℳ is the set of all candidate functions. In the case of supervised learning, 𝑦𝑦𝑖𝑖 is observable

and is given in the dataset, whereas in unsupervised learning, it is masked. In both cases, the learning goal

is achievable if data is sampled independently and from an identical distribution. Dataset’s elements are
from the element space 𝜒𝜒.

In most machine learning cases, the set ℳ is composed of functions 𝑚𝑚(𝑥𝑥, 𝜃𝜃) where the goal is to make

𝑚𝑚(𝑥𝑥, 𝜃𝜃) as close as possible to 𝑦𝑦 by learning the parameter 𝜃𝜃. Linear, logistic, and deep neural network

compositional functions are examples of 𝑚𝑚(𝑥𝑥, 𝜃𝜃). Table 1 provides the functional forms for these three
examples.
Case
Linear functional
Logistic functional
Simple Deep Learner with L layers and non-linear
functions 𝜎𝜎

Functional form 𝑚𝑚(𝑥𝑥, 𝜃𝜃)

𝜃𝜃𝜃𝜃

𝑒𝑒 θ𝑥𝑥
1 + 𝑒𝑒 θ𝑥𝑥

𝜃𝜃𝐿𝐿 𝜎𝜎𝐿𝐿 (𝜃𝜃𝐿𝐿−1 𝜎𝜎𝐿𝐿−1 (… ( 𝜃𝜃2 𝜎𝜎2 (𝜃𝜃1 𝑥𝑥) ) … ))

Table 1) Examples of functional forms for famous ML models.
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Identifying the unknown probability distribution is the fundamental problem of statistical learning theory.
It does not matter whether we directly want to learn the transition probabilities in a decision tree or,
indirectly, trying to fit a functional to data. Either way, the goal is to deal with the characterization of a
distribution function. In the case of the decision tree or generally Markov decision processes, the ultimate
goal is to deal with the transition probabilities between states. Remember that in a decision tree, upon taking
action, the system has a transition to the next state. The optimal action, in this problem, is a function of
transition probabilities.

In fitting a functional, we have a known function that we believe can describe the data. No matter how
suitable we believe the model is for the data, it is often not entirely fit, and there exist a fitting error (Noise)
𝜖𝜖. The noise can have additive, multiplicative, or other forms of contribution in the fitting task depending
on its nature. Without loss of generality, we consider the additive contribution.
𝑦𝑦 = 𝑚𝑚(𝑥𝑥, 𝜃𝜃) + 𝜖𝜖

The fitting job is then to identify the distribution of 𝜖𝜖.

𝜖𝜖~𝑃𝑃�𝑦𝑦 − 𝑚𝑚(𝑥𝑥, 𝜃𝜃)� = 𝑃𝑃𝜖𝜖

In general, all statistics (Models) are a function of data distributions. Consequently, under specific
regulatory conditions, a sequence of distributions converging to the underlying distribution defines also a
converging sequence of any statistic (Model) to its converging value. This argument attests that learning
the underlying distribution is the fundamental problem in machine learning.

Consequently, we restrict our theoretical analysis to the problem of learning the underlying data
distribution. Further, we choose the maximum likelihood estimator for this task since it is an efficient
unbiased and consistent estimator. Due to its efficiency, it is rational to prefer it over other unbiased
estimators. Note that in this research, we are not concerned about time-complexity or other computational
issues. Our goal is to get the most from a limited number of data points, and hence, we care about efficiency.

2.3. Maximum Likelihood Estimation and Learning the Probability Distribution
In the problem of learning a probability distribution, the unknown system is the distribution’s functional
form. The unknown distribution is defined over the set 𝜒𝜒, and inputs to the systems are elements 𝑥𝑥 ∈ 𝜒𝜒. The
goal is to introduce an estimator 𝑚𝑚(𝑥𝑥, 𝜃𝜃) that converges to 𝑃𝑃(𝑥𝑥) for all 𝑥𝑥 ∈ 𝜒𝜒 as dataset size approaches
infinity (𝑛𝑛 → ∞).

The MLE's objective function for estimating the probability distribution, using the model 𝑚𝑚(𝑥𝑥, 𝜃𝜃) and the
dataset 𝐷𝐷𝑛𝑛 = {𝑥𝑥𝑖𝑖 }𝑛𝑛𝑖𝑖=1 , has following form
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𝑛𝑛

𝜃𝜃𝑛𝑛 = argmax � log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃)�
θ

𝑖𝑖=1

By dividing the sum by the number of samples and multiplying it by −1, we reach the following equivalent

minimization problem. The objective function denotes a loss function called empirical cross-entropy.
𝑛𝑛

1
𝜃𝜃𝑛𝑛 = argmin − � log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃)�
𝑛𝑛
θ
𝑖𝑖=1

As the size of the dataset grows, convergence to a local optimum happens. For the sake of simplicity and
for not dealing with issues of local optimums, we assume our optimization reaches the global optimum and
lim 𝜃𝜃𝑛𝑛 = 𝜃𝜃 ∗ where 𝑚𝑚(𝑥𝑥, 𝜃𝜃 ∗ ) = 𝑃𝑃(𝑥𝑥) ∀ 𝑥𝑥. Of course, this is true with the assumption that 𝑃𝑃 ∈ ℳ (The

𝑛𝑛→∞

solution exists in the search domain). From the Central Limit Theorem, we can see the following
approximation for the loss function's value.

Theorem 1) Assuming 𝐸𝐸(log 𝑚𝑚(𝑥𝑥, 𝜃𝜃 ∗ ))2 < ∞, for a sufficiently large number of data points (𝑛𝑛 >> 1),

the loss function can be approximated with
𝑛𝑛

1
𝐶𝐶1
− � log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃)� = 𝐻𝐻(𝑃𝑃) + 𝐷𝐷( 𝑃𝑃||𝑚𝑚(𝑥𝑥, 𝜃𝜃) ) + 𝑂𝑂 � � 𝒩𝒩(0,1)
𝑛𝑛
√𝑛𝑛
𝑖𝑖=1

Where 𝐶𝐶1 is a constant, and, is a function of 𝑣𝑣𝑣𝑣𝑣𝑣(log 𝑚𝑚(𝑥𝑥, 𝜃𝜃 ∗ )). 𝐻𝐻(𝑃𝑃) is the Shannon entropy defined as
𝐻𝐻(𝑃𝑃) = − ∑𝑥𝑥∈𝜒𝜒 𝑝𝑝𝑥𝑥 log(𝑝𝑝𝑥𝑥 ) [40], and the summation is over the element set 𝜒𝜒. 𝐷𝐷( 𝑃𝑃||𝑚𝑚(𝑥𝑥, 𝜃𝜃𝑛𝑛 ) ) =
∑𝑥𝑥∈𝜒𝜒 𝑝𝑝𝑥𝑥 log �

𝑝𝑝𝑥𝑥

𝑚𝑚(𝑥𝑥,𝜃𝜃)

� is the Kullback–Leibler (KL) divergence [30] between the actual distribution P and

the estimator 𝑚𝑚(𝑥𝑥, 𝜃𝜃).

As the size of the dataset approaches infinity, the error term is getting smaller. Immediately from theorem
1, we can see that KL-divergence is the only component of the loss function that is a function of 𝜃𝜃 (Model).

Hence, minimizing the loss function is equivalent to minimizing 𝐷𝐷( 𝑃𝑃|�𝑚𝑚(𝑥𝑥, 𝜃𝜃)�. The property of KLdivergence is that it is always positive. Besides, it is equal to zero if and only if 𝑃𝑃(𝑥𝑥) = 𝑚𝑚(𝑥𝑥, 𝜃𝜃) almost
anywhere. With KL-divergence equal to zero, the only term remaining in the loss function is 𝐻𝐻(𝑃𝑃), which

describes the system's entropy. The convergence speed of loss function to 𝐻𝐻(𝑃𝑃) as the function of dataset
size is called the learning curve.

2.4. Learning curve
Learning curves are concerned with the expected value of the loss function with respect to randomness in
sampling or algorithm’s initialization versus the number of data points. Fixing the size, if we sample infinite
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time and take the expected error, we reach this error level. It is a function 𝐺𝐺𝑡𝑡 (𝑛𝑛): ℝ+ → ℝ that takes the size
of a dataset as input and outputs the value we should expect for the loss function. For the problem of

distribution learning, this function is related to how KL-divergence 𝐷𝐷( 𝑃𝑃|�𝑚𝑚(𝑥𝑥, 𝜃𝜃)� changes with the
number of samples.

From theorem 1, with infinite sample size, we can see the loss function's convergences to the entropy of
the underlying distribution. Since underlying distribution changes over time, its entropy changes as well
and hence, we added the subscript 𝑡𝑡 to 𝐺𝐺𝑡𝑡 (𝑛𝑛) to capture this time-dependency. This function is

monotonically decreasing and hence, is invertible. Due to its asymptotic convergence to a bounded value
(𝐻𝐻(𝑃𝑃𝑡𝑡 )), it has a convex form for large dataset sizes. We further assume that it is continuous and
differentiable, meaning that

𝜕𝜕𝜕𝜕𝑡𝑡 (𝑛𝑛)
𝜕𝜕𝜕𝜕

< 0.

In practice, this function is shown to be predictable for deep learning algorithms [24] and is composed of
small data, power-law, and irreducible error regions. In small data regions, the model is not scaling
significantly with dataset size. The power-law region is where model performance scales with dataset size.
In this region, the function 𝐺𝐺𝑡𝑡 (𝑛𝑛) is believed [24] to have a power-law functional form. Lastly, in the
irreducible error region, the model's generalization loss value does not improve significantly. Between these

regions, the power-law region is the one that we can see improvement in performance as we increase the
dataset size.

3. Effectiveness curve and value depreciation
Our ultimate goal is valuing a dataset. However, value is subjective and hard to measure since it depends
on the context, problem definition, and implementation. Alternatively, we seek to measure how valuable a
dataset is comparing to the value of a baseline dataset. The baseline dataset defines a reference point and
creates a base of comparison. It is as if we know what the value of the baseline dataset is, and given this
value, we want to see how it changes over time.

For prediction at time 0, we fix all other attributes and characteristics of both datasets and only compare
them with respect to their sampling time. We define the baseline dataset to be the one that has been sampled
independently from 𝑃𝑃0 . Our dataset is indeed sampled independently, but its sampling distribution is 𝑃𝑃𝑡𝑡 ,
which is not identical to 𝑃𝑃0 .
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A good starting point would be to compare a dataset of infinite size and see how well-performing it is when
predicting 𝑃𝑃0 . It is particularly important since we expect the infinite size to be helpful in reaching ultimate

algorithm’s performance. Proposition 1 investigates it.

Proposition 1) Assuming 𝑃𝑃𝑡𝑡 (𝑥𝑥) ≠ 𝑃𝑃0 (𝑥𝑥), a dataset of infinite size from the wrong distribution 𝑃𝑃𝑡𝑡 (𝑥𝑥) has

limited learning power at time 0, and a dataset of bounded size from the right distribution 𝑃𝑃0 (𝑥𝑥) reaches

the same loss function value.

The argument in proposition 1 is that in the training phase, due to change in the probability distribution,
𝑚𝑚(𝑥𝑥, 𝜃𝜃) convergences to the wrong distribution 𝑃𝑃𝑡𝑡 (𝑥𝑥). Therefore, MLE’s loss function has an additional

term 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) besides the Shannon entropy 𝐻𝐻(𝑃𝑃0 ). It is as if we used a dataset of bounded size from 𝑃𝑃0 (𝑥𝑥),

and due to its limited size, we did not reach the ultimate performance. Ultimate performance is reached
when MLE's loss function is equal to 𝐻𝐻(𝑃𝑃0 ).
This proposition is particularly important for practitioners and also in academic antitrust debates.
Proposition states that curating super large datasets does not create a significant barrier to entry if the
underlying distribution changes. In our interviews with practitioners, we always found them hopeful that
increasing dataset size can compensate for the shortcomings in scaling. Besides, they believe that super
large datasets created a barrier to entry advantage for big data companies.

In contrast to their views, this proposition suggests a bound on the achievable performance, no matter the
size of a dataset. It says that even infinite dataset size has bounded performance if the underlying
distribution is different. We will see that we can answer more questions with counter-intuitive solutions by
building on this foundation. For example, suppose someone offers a dataset from the past to be added to
our current dataset. It is essential to see how effective it is in improving the quality of the service. We will
later argue through the sequential offloading algorithm that adding an old dataset may sometimes hurt
performance and put a business at a disadvantage.

Something lacking from proposition 1 is that it talks about loss value, which is not very informative in
making comparisons. It is not informative because we do not know how to interpret the excess loss value
term 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ). We just know that it is positive, and therefore, the loss value should be bigger than the one

for the baseline dataset. To solve this issue, we use the learning curve inverse function to translate the loss
function back into the dataset size. Dataset size is easy to understand and compare.
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Recall that learning curve at time zero 𝐺𝐺0 (𝑛𝑛) is a monotone function and therefore has an inverse. Using
the inverse of the learning curve 𝐺𝐺0−1 (. ), we can find the expected size of a dataset from time zero with an

equivalent MLE loss value. Briefly, what we do to form the equivalent size is to first train a model on data
sampled from 𝑃𝑃𝑡𝑡 (𝑥𝑥). Then, we use the trained model to find the loss value on the data that has been sampled
from 𝑃𝑃0 (𝑥𝑥). Finally, we use the function 𝐺𝐺0−1 (. ) to see what size of the data from 𝑃𝑃0 (𝑥𝑥) could have

generated similar loss values. This is the basis for our definition of equivalent size.
Definition 1) Dataset 𝐷𝐷𝑛𝑛,𝑡𝑡 has the equivalent size 𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 at time 0:
Where 𝜃𝜃𝑛𝑛,𝑡𝑡 is the solution to:

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 = 𝐸𝐸𝜃𝜃𝑛𝑛,𝑡𝑡 �𝐺𝐺0−1 �−𝐸𝐸𝑃𝑃0 �log 𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 �� ��
𝜃𝜃𝑛𝑛,𝑡𝑡 = argmin −
𝜃𝜃

1
� log�𝑚𝑚(𝑥𝑥, 𝜃𝜃)�
|𝐷𝐷𝑛𝑛,𝑡𝑡 |
𝑥𝑥∈𝐷𝐷𝑛𝑛,𝑡𝑡

In this definition, there exist two expectations. The first one is inside 𝐺𝐺0−1 (. ) and measures the expected

model’s loss over the test set. The second one is the outer expectation and calculates the expectation with
respect to randomness in the algorithm’s initializations and steps. In practice, we can approximate the outer
expectation by deriving 𝜃𝜃𝑛𝑛,𝑡𝑡 multiple times. Using averaging limits, we can calculate the equivalence

empirically in the following way

𝑘𝑘

𝑙𝑙

𝑗𝑗=1

𝑖𝑖=1

1
1
(𝑗𝑗)
lim � �𝐺𝐺0−1 � lim − � log �𝑚𝑚 �𝑥𝑥𝑖𝑖 , 𝜃𝜃𝑛𝑛,𝑡𝑡 ����
𝑘𝑘→∞ 𝑘𝑘
l→∞
𝑙𝑙

Where 𝑥𝑥𝑖𝑖 ∼ 𝑃𝑃0 (𝑥𝑥) and the outer sum is over multiple runs of the algorithm. For a fairly large number of

testing data points, the inner expectation converges. Using theorem 1 to simplify the definition further, we

have
𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 = 𝐸𝐸 �𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷 �𝑃𝑃0 ||𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 �� ��

Letting 𝑛𝑛 → ∞ eliminates algorithms’ initialization issues as well as other types of randomness and hence,

𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � → 𝑃𝑃𝑡𝑡 (𝑥𝑥). Therefore, in the limit

𝑛𝑛�𝐷𝐷∞,𝑡𝑡 = 𝐺𝐺0−1 (𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) )

It is in agreement with proposition 1 where it argues that 𝑛𝑛�𝐷𝐷∞,𝑡𝑡 < ∞ if 𝑃𝑃0 (𝑥𝑥) ≠ 𝑃𝑃𝑡𝑡 (𝑥𝑥).
Notice that equivalent size is a function of the algorithm as well as dataset itself. Dependence on the
algorithm is recognized through the inverse function 𝐺𝐺0−1 (. ). It means that the algorithm’s power in scaling

with dataset size shapes the effectiveness of a dataset. The following example makes it clear. Suppose we
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have a very large dataset, but we do not use it to train a model. In that case, the sampling time is not essential
and, regardless of time, the dataset is as effective as not having it in the first place (𝑛𝑛 = 0). On the other

hand, if the algorithm scales fast in the number of data points, a small dataset from 𝑃𝑃0 (𝑥𝑥) can reach 𝐻𝐻(𝑃𝑃0 ) +
𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ), which means 𝑛𝑛�𝐷𝐷∞,𝑡𝑡 is indeed small.

Definition 2) Effectiveness of dataset 𝐷𝐷𝑛𝑛,𝑡𝑡 is defined as 𝐸𝐸𝐷𝐷𝑛𝑛,𝑡𝑡 =

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡
𝑛𝑛

.

Intuitively it should always be between zero and one, i.e., 𝐸𝐸𝐷𝐷𝑛𝑛,𝑡𝑡 ∈ [0,1]. 1 means that the given dataset’s
value is equal to the value of the baseline dataset. 0 means that data is worthless compared to the baseline

dataset. The more perishable the data (which means it loses its relevance to the prediction problem quicker),
the less the effectiveness. For example, if the effectiveness is equal to 0.8, we say that the dataset lost 20%
of its effective size.
Proposition 1 argues that effectiveness of 𝐸𝐸𝐷𝐷∞,𝑡𝑡 = 0 if 𝑃𝑃0 (𝑥𝑥) ≠ 𝑃𝑃𝑡𝑡 (𝑥𝑥). It is because 𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 remains bounded

and therefore, lim

𝑛𝑛→∞

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡
𝑛𝑛

=0

Definition 3) Substitution curve is a function 𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ): ℝ2 → ℝ and is defined as
𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ) =

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡

1

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡2

It shows how well we will be off in terms of effectiveness if we substitute a dataset of size 𝑛𝑛 from time 𝑡𝑡2

with a dataset of the same size that has been sampled at time 𝑡𝑡1 . Note that choosing 𝑡𝑡2 = 0 brings us back

to the definition of effectiveness. Using theorem 1, the substitution curve has following formulation
𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ) =

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡

1

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡2

=

𝐸𝐸 �𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷 �𝑃𝑃0 ||𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡1 �� ��
𝐸𝐸 �𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷 �𝑃𝑃0 ||𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡2 �� ��

Theorem 2) Substitution curve has the following properties.
a) It is non-negative and bounded.
b) It is a monotonic function of 𝑛𝑛.

c) It is converging to a substitution frontier
lim 𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ) =

𝑛𝑛→∞

𝑛𝑛�𝐷𝐷∞,𝑡𝑡

1

𝑛𝑛�𝐷𝐷∞,𝑡𝑡2

=

𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡1 � �
𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡2 � �
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Nonnegativity and boundedness are immediate. It is nonnegative because function 𝐺𝐺0−1 is non-negative by

definition. Boundedness is also immediate from proposition 1, because for 𝑖𝑖 ∈ {1,2} and 𝑡𝑡𝑖𝑖 ≠ 0, 0 <
𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 < ∞ for all 𝑛𝑛.
𝑖𝑖

The substation curve is an important definition in this paper. It is a building block for the argument we
make in the next section on the effectiveness of datasets gathered over a long time. The concept will be
used in the sequential offloading algorithm used in the next session.

Assuming a monotonic decline in the value of data over time, figure 1 depicts examples of substitution
curves 𝑓𝑓𝑛𝑛 (𝑡𝑡, 1). Each curve represents the substitution gain for different dataset sizes when the substitution
time is fixed at (𝑡𝑡1 , 𝑡𝑡2 ) = (𝑡𝑡, 1). 𝑓𝑓∞ (𝑡𝑡, 1) is the frontier. This is a direct result of theorem 2 on the

substitution function's monotonicity on 𝑛𝑛 and its convergence to the frontier. Building further on this result,

in Appendix B, we empirically measure the substitution curve for our experiment in this paper and show
that it increases in 𝑛𝑛 for 𝑡𝑡1 > 𝑡𝑡2 and decreases for 𝑡𝑡1 < 𝑡𝑡2 .

Figure 1) Substitution curves for different sizes of datasets. The frontier is marked as blue. It shows the maximum depreciation in substituting
datasets of time 1 with a dataset of any other time.

As apparent in this figure, we do not gain much in substituting data from different times for very small
dataset sizes. It is because small datasets do not provide significant scaling in performance, and hence, it
does not matter when they were sampled. This behavior is mostly seen in the small data region of the
learning curve. For medium dataset sizes, when we are in the learning curve's power-law region, we
gradually see significant gains in substituting dataset sizes from different times. Increasing dataset size in
the power-law region brings us to the medium-high dataset size regime. This region will be used in our
experiments (In later sections) to measure perishability. Finally, the infinite dataset size speaks of the
irreducible error region and higher sensitivity to substitution.
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4. Datasets collected over time
So far, we studied the effectiveness of a dataset that has been sampled at a given time 𝑡𝑡. Nevertheless, most

datasets are collected over time, and there is a need to study their effectiveness. Notation wise, we show
these datasets with 𝐷𝐷𝑛𝑛,[𝑡𝑡1 ,𝑡𝑡2 ],𝜆𝜆𝑡𝑡 , where it represents a dataset with size 𝑛𝑛 that is collected during the period
[𝑡𝑡1 , 𝑡𝑡2 ]. 𝜆𝜆𝑡𝑡 shows the proportion of samples that have been collected at time 𝑡𝑡.

Despite the change in notation and the nature of the problem, the question on its effectiveness still can be
answered with the tools we developed so far. Still, dataset 𝐷𝐷𝑛𝑛,[𝑡𝑡1 ,𝑡𝑡2 ],𝜆𝜆𝑡𝑡 has a “Net Distribution” that can be

used to measure its effectiveness. It is like the mixture of underlying distributions over time, and hence, to
calculate it, we need a dataset of infinite size. Net distribution is a function of [𝑡𝑡1 , 𝑡𝑡2 ], and 𝜆𝜆𝑡𝑡 .

In this paper, we focus on datasets of the form 𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆𝑡𝑡 where the sampling time 𝑡𝑡1 = 0. It is because they

provide better generalization intuition. Besides, it is easy to turn a bigger period of time into smaller periods
with the function 𝜆𝜆𝑡𝑡 . For example, the dataset 𝐷𝐷𝑛𝑛,[𝑡𝑡1 ,𝑡𝑡2 ],𝜆𝜆�𝑡𝑡 is equivalent to dataset 𝐷𝐷𝑛𝑛,[0,𝑡𝑡2 ],𝜆𝜆𝑡𝑡 with 𝜆𝜆𝑡𝑡 equal
to

0
𝜆𝜆𝑡𝑡 = � ̂
𝜆𝜆𝑡𝑡

𝑡𝑡 < 𝑡𝑡1
𝑡𝑡1 ≤ 𝑡𝑡 ≤ 𝑡𝑡2

Lemma 1) Net distribution of dataset 𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆𝑡𝑡 is equal to
𝑡𝑡

𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 (𝑥𝑥) = � 𝑃𝑃𝑠𝑠 (𝑥𝑥)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑
0

Lemma 1 states that Net distribution is the convex combination of all distribution from time 0 to 𝑡𝑡 with
𝑡𝑡

weights 𝜆𝜆𝑡𝑡 ∈ [0,1] & ∫0 𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑 = 1 .

As this lemma states, the net distribution is not necessarily equal to 𝑃𝑃0 . Therefore, using proposition 1, we

argue that datasets curated over a period of time have limited substance. The following proposition
investigates the effectiveness of these datasets.
Proposition 2) There exists an equivalent time 𝑡𝑡 ∗ ∈ [0, 𝑡𝑡] such that the dataset 𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆𝑡𝑡 provides an

equivalent loss value to the dataset 𝐷𝐷𝑛𝑛,𝑡𝑡 ∗ i.e. 𝑛𝑛�𝐷𝐷𝑛𝑛,[0,𝑡𝑡] = 𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡∗ . The solution is unique when decline in value
of data is monotonic.

Proposition 2 is the key to understanding the next subsection on sequential offloading. As much as it is
important to understand what it says, it is also important to realize what it does not. It does not say that the
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"Net distribution" is equal to 𝑃𝑃𝑡𝑡 ∗ . Net distribution is a combination of many distributions, including 𝑃𝑃𝑡𝑡 ∗ ,
and therefore, it is not necessarily equal to 𝑃𝑃𝑡𝑡 ∗ . Instead, proposition 2 suggests that 𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 and 𝑃𝑃𝑡𝑡 ∗ are in

a way that they make equal KL divergences with 𝑃𝑃0 , i.e. 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 � = 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ∗ ) . Consequently, they
produce equivalent MLE loss value, which means 𝑛𝑛�𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆 = 𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡∗ .
𝑡𝑡

Note that having 𝑡𝑡 ∗ between zero and 𝑡𝑡 is important in this proposition. The emphasis is on the fact that the

period [0, 𝑡𝑡] starts from time 0. Even if the dataset has been sampled from [𝑡𝑡1 , 𝑡𝑡], still, 𝑡𝑡 ∗ ∈ [0, 𝑡𝑡]. It is

because, for the dataset (𝐷𝐷𝑛𝑛,[𝑡𝑡1 ,𝑡𝑡],𝜆𝜆𝑡𝑡 ) where 0 < 𝑡𝑡1 < 𝑡𝑡, there might exist a sampling density 𝜆𝜆𝑡𝑡 such that it

makes the Net distribution 𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 (𝑥𝑥) = 𝑃𝑃0 (𝑥𝑥) for all 𝑥𝑥 ∈ 𝜒𝜒. It means that in this example 𝑡𝑡 ∗ = 0 ∉ [𝑡𝑡1 , 𝑡𝑡].

The most exciting thing about this theorem is that 𝑡𝑡 ∗ < 𝑡𝑡. If we deliberately delete the portion [𝑡𝑡1 , 𝑡𝑡] from

the dataset where 𝑡𝑡1 < 𝑡𝑡 ∗ , despite losing size, the remaining dataset (𝐷𝐷𝑛𝑛1 ,[0,𝑡𝑡1 ],𝜆𝜆𝑡𝑡 ) will have a new equivalent
time 𝑡𝑡 ∗∗ which is 𝑡𝑡 ∗∗ < 𝑡𝑡 ∗ . In other words, the dataset gained relevance.
4.1. Sequential offloading
The idea of sequential offloading is founded in increasing the value of a dataset by reducing its size. It looks
to be counter-intuitive, but in a time-dependent context, data perish quickly, and it may be beneficial to

discard useless information. Clearly, deleting old data means loss of dataset size, which is a bad thing.
Nevertheless, gaining relevance may offset the loss of dataset size, and deletion likely improves the overall
effectiveness.
The idea is centered around proposition 2 and theorem 2. Proposition 2 states that for a dataset 𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆𝑡𝑡

there exist a time 𝑡𝑡 ∗ ∈ [0, 𝑡𝑡] such that 𝑛𝑛�𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆 = 𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡∗ . By deleting data [𝑡𝑡 ∗ , 𝑡𝑡] from the dataset, we end
𝑡𝑡

up with a smaller size 𝑛𝑛0 , but the equivalent time shifts from 𝑡𝑡 ∗ to 𝑡𝑡 ∗∗ ∈ [0, 𝑡𝑡 ∗ ], which is more relevant. If

the substitution gain is higher than the lost size due to deletion, it means we gained from deletion i.e.
𝑛𝑛
𝑓𝑓𝑛𝑛−𝑛𝑛0 (𝑡𝑡 ∗∗ , 𝑡𝑡 ∗ ) >
⇒ 𝑛𝑛�𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆 < 𝑛𝑛�𝐷𝐷𝑛𝑛−𝑛𝑛 ,[0,𝑡𝑡∗ ],𝜆𝜆
𝑡𝑡
0
𝑡𝑡
𝑛𝑛 − 𝑛𝑛0

Where 𝑛𝑛0 is the size that has been deleted from the dataset. Algorithm 1 Formalizes the sequential
offloading.
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Algorithm 1) Sequential offloading algorithm

Given dataset 𝐷𝐷𝑛𝑛,[0,𝑡𝑡],𝜆𝜆𝑡𝑡 , substitution gain function 𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 )
𝑖𝑖 = 1

𝑡𝑡 (0) = 𝑡𝑡

𝑛𝑛(0) = 𝑛𝑛

While (Gain is possible)
Find 𝑡𝑡 ∗ as explained it theorem 2 and call 𝑡𝑡 (𝑖𝑖)
𝑡𝑡 (𝑖𝑖−1)

𝑛𝑛(𝑖𝑖) = 𝑛𝑛(𝑖𝑖−1) ∫𝑡𝑡 (𝑖𝑖)

𝜆𝜆𝑡𝑡 𝑑𝑑𝑑𝑑

Delete sampled data [𝑡𝑡 (𝑖𝑖) , 𝑡𝑡 (𝑖𝑖−1) ] from 𝐷𝐷𝑛𝑛(𝑖𝑖−1) ,�0,𝑡𝑡 (𝑖𝑖−1) �,𝜆𝜆𝑡𝑡 and call it 𝐷𝐷𝑛𝑛(𝑖𝑖) ,�0,𝑡𝑡 (𝑖𝑖)�,𝜆𝜆𝑡𝑡

if �𝑓𝑓𝑛𝑛(𝑖𝑖) −𝑛𝑛(𝑖𝑖−1) �𝑡𝑡 (𝑖𝑖) , 𝑡𝑡 (𝑖𝑖−1) � >
Gain is possible

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

𝑛𝑛(𝑖𝑖−1)

𝑛𝑛(𝑖𝑖) −𝑛𝑛(𝑖𝑖−1)

�

𝑖𝑖 = 𝑖𝑖 + 1
Gain is not possible

end
end

This algorithm stops when there is no gain in deleting old data. It also opens a philosophical question on
what a successful iteration means for the data. A successful iteration means 𝑛𝑛�𝐷𝐷𝑛𝑛,[0,𝑡𝑡] < 𝑛𝑛�𝐷𝐷𝑛𝑛−𝑛𝑛

∗
0 ,[0,𝑡𝑡 ]

and

hence, there is positive improvement upon losing a portion of data. Therefore, as the following corollary
states, old data actually did put us in a disadvantageous position.

Corollary 1) A dataset collected in a long period of time may weakly create a disadvantage for a firm.

5. Experimental Design
Our goal in this section is to measure effectiveness and thereby perishability empirically. In other words,
after training an algorithm with data that has been sampled on one stationary period, we measure its
performance at any other time. In addition, we would like to observe a monotonic decline in the value of a
dataset. The monotonic decline in the dataset’s value guarantees a unique solution to theorem 2. This claim
was supported in the framework section by arguing that the birth of new elements and the death of old
elements decrease the dataset's relevance over time. Because of that, we should expect monotonic behavior.
However, in fashion or any periodic source of data generation, we should expect the return of old elements,
and hence, we may have complications in arguing monotonicity. We measure perishability and observe
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partial monotonicity in the natural language processing context and for the next word prediction task. Partial
monotonicity means that the effectiveness curve has an overall declining form. Nevertheless, it has a small
periodicity.

We chose language modeling because its datasets tend to be the largest and most easily collected in machine
learning. They are easily collected because language modeling is an unsupervised task; The model tries to
predict the next word or masked words in a given sentence, so each text sample does not need to be labeled.
Further, the language modeling task is currently used as a common pre-training objective for many other
language tasks [45]. Thus, we choose language modeling as the target task and seek a large corpus of
English language data. In this section, we first explain data and how we process it for the task. Then, we
explain the algorithm and model architecture, and lastly, we present the measurements.

5.1. Data Collection and Processing
Our challenge is to find a large enough dataset that has been collected over a long period of time. It is
because text processing algorithms require large training set sizes to have significant improvement in
quality. In addition, we need this dataset to be sampled over a long period of time to let us make an
observable perishability measurement. From a technical standpoint, the dataset must be large enough to
reliably measure the power-law portion of the learning curves associated with each time period. Thus, the
dataset must span roughly two orders of magnitude in size larger than the smallest dataset in the power-law
region. Prior results show that, for language modeling, the smallest such dataset is at most 1 million words
[24]. Consequently, the dataset should contain roughly 10-100 million words per time period.

We choose the Reddit post dataset as it fits our needs. This data was collected and used in [19]. It is a
collection of posts and comments from the years 2006 to 2018 and was scraped from Reddit between
September 2016 and July 2018. We preprocessed the dataset to create flat text files with the following
format:
Title (6): What was the biggest scandal in your school?
Text:
Comment (4): Vampires. This was almost 6 years ago now at my
high school, but vampires. Do a quick...
Comment (3): Not sure if I'd call it a "scandal," but when I
was in college...
Comment (2): Freshman year a friend of mine found a paper bag
at the bus stop full of money - and it...

‘Title’ is the title that the author specified when posting the submission, and ‘Text’ is an optional field of
body text associated with the post. After the post, each line is a comment from other users designated by
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‘Comment’. Comments only contain text. The values in parenthesis are submission or comment scores
based on upvotes or downvotes given to each by users. We filtered out posts and comments with scores less
than 2.

Figure 2) Size of datasets processed for each month. For example, for July 2013, 1 Gigabyte of text data is processed. This is not
a cumulative dataset size. The growth in the size shows the growth in the number of topics discussed, the number of users as well
as their engagement.

To evaluate how data distributions and value shifts over time, we split the dataset into chunks based on the
timestamp of the submissions and comments. We aim for 100 million words per time period, so we group
data until each split is at least that large. Specially, we group posts and comments into the following periods:
the years 2006-2009, January-June 2010, July-December 2010, January-March 2011, April-June 2011,
July-September 2011, October-December 2011, and then monthly for the years 2012-2018. Earlier years
of Reddit dataset have less data because the platform was becoming established and growing, so we had to
group more extended periods together. Figure 2 shows the amount of data we processed each month.

Finally, we subdivide the data from each time period to form a standard machine learning training and
testing setup for collecting learning curves. First, we randomly sample and split the posts (and their
comments) into training, development/validation, and test/evaluation subsets. The development and test
sets are at least 2 million words each. The development set is used to validate that the model is learning to
generalize during training and to early-stop training when the model performs the best on the development
set. The test set is used after training to evaluate how well the training is done. We use these test sets to
cross-evaluate models trained on data from other periods. The model never trains on these subsets.
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After splitting out the development and test sets, we randomly shuffled the remaining data as the full
training set for the time period. We subdivide this training set into chunks of exponentially increasing size
by factors of 2. Empirically, we find that datasets of size 1.25 million words are large enough to be in the
power-law portion of learning curves, so we break the training set into successively overlapping subsets of
size 40 million, 20 million, 10 million, 5 million, 2.5 million, 1.25 million words by taking the first half of
the prior subset. We train separate models on each training subset to collect how models generalize as they
are allowed to train with increasing dataset size. The resulting data size-generalizability curves are learning
curves for the time period.

5.2. Model Architecture and Training Process
We chose to train current state-of-the-art language models on the data to collect their generalization error
and learning curves. Specifically, we train GPT-2, the Generative Pre-Training transformer-based model
from OpenAI [22, 36]. Collecting learning curves can be costly due to the training time required to train
large models on each of the training subsets. We chose to train a small variant of GPT-2 that was expected
to be large enough (i.e., sufficient parameters) to overfit all of the training set splits and yet small enough
to train in a reasonable amount of time---at most about 32 hours per training subset on a single GPU. We
configure our GPT-2 model variant as follows: Vocabulary size 50257 sub-word tokens, maximum
sequence length 512 tokens, depth 6 transformer blocks each with 8 self-attention heads and hidden
dimension 512. The model has 44.9 million parameters total—a rule of thumb in language modeling is to
use a model with as many parameters as words in the largest dataset.

We train the models using the Adam optimizer with a static learning rate of 2e-4 and with batch sizes 12
and 24. The training objective is the cross-entropy loss of the model's prediction of the probability of the
target next token in the input sentence. We empirically find that changing the batch size marginally changes
the final loss (<0.3% change in cross-entropy), so we do not further explore optimization hyperparameters
to mitigate total training time. Finally, we validate the models using the development dataset every 50-200
training steps, depending on the size of the dataset—smaller datasets require fewer training steps for the
model to converge. We early-stop training when the development set loss stops improving for more than
15 validation runs.

5.3. Evaluation Process and Effective Dataset Size
Our objective is to measure how much the data distribution has changed over time. In that cause, we
evaluable how well a dataset that has been sampled from one time period, can predict values for each other
time period’s data. To do so, we train a model and evaluate its test error for each time period over multiple
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time periods. Furthermore, we characterize the learning curves so that we can translate measured test errors
back to equivalent dataset sizes. Finally, we present the effectiveness curve.

In the training phase, we first find the finest model for each time period and each dataset size. The finest
model is the one that achieves a smaller development set loss. Its selection process mimics the way models
are chosen for deployment in AI-enabled products. To find the finest model, at each training run, we validate
the models on the given time period’s development set and choose the model weights that achieve smaller
development set loss. When we test with multiple different batch sizes, the finest model is the one that
achieves superior performance in separate training runs for the given time period and training set size.

We collect the finest model for each training set size ranging from 1.25 to 40 million words. Doing so
allows us to construct learning curves across different time periods. We cross-evaluate all finest models—
one for each time period and training set size—by evaluating them on the test sets for all other time periods.
We use these results to curve fit learning curves and indirectly calculate its inverse: Given finest models
for the time period 𝑡𝑡1 , and their evaluation scores for the time period, 𝑡𝑡0 (𝑡𝑡0 can be equal to 𝑡𝑡1 ), these scores

will be used to show how increasing the training set size from period 𝑡𝑡1 might improve prediction accuracy
for the time period 𝑡𝑡0 . We curve fit learning curves with power-laws.

Figure 3 shows examples of learning curves for models trained at different times. Each curve shows a model
that has been trained on a specific time-period. The learning curves are different from each other and form
parallel curves. The offset is due to change in the entropy 𝐻𝐻(𝑃𝑃), which is different at different times. Earlier

models like those that have been trained in 2010 have lower values than the model of 2018. To answer why
this is happening, we should look at figure 2. As apparent from figure 2, the dataset size per month is
growing, which is a clear sign of the increase in the contribution and growth of the user base. This growth
adds to the diversity in topics as well as language styles. The more diverse the dataset, the higher its entropy.
It is also apparent from this graph that the learning curve is a decreasing function, and hence, more data
causes lower cross-entropy value.

Figure 4 shows test evolution results for models trained on different time periods. Training size is fixed,
and the algorithm is trained on data from a few time-periods. Periods are shown in the legend section of
this figure. Each point in this graph is the evaluation result of a training and test pair and curves are made
by joining pairs with similar training time. For example, the blue curve shows the finest model's test results
that have been trained 2006-2009 and tested on every other time.
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Figure 3) Measured learning curves for models that have been trained at different times. The x-axis is in the log-scale and shows
the dataset size. Y-axis is the cross-entropy value. The legend describes the time we used to train these models. For example, the
yellow curve shows a model that has been trained on data from October 2012.

Figure 4) Cross entropy loss value when we use a model that has been trained on year z (each curve) and is tested on data from
year x (x-axis). Y-axis is the cross-entropy loss. The legend describes the time we used to train these models. For example, the
green curve shows a model that has been trained on data from January 2014. The best cross-entropy loss in each time period is
mentioned in this graph as well.

The first observation is that the best model for prediction in 𝑡𝑡0 is the one trained on data from 𝑡𝑡0 . As an

example, before January 2010, the model that has been trained on data from 2006-2009 (𝑚𝑚2006−2009 ) has
the lowest cross-entropy and hence, has the best predicting power compared to other curves. In contrast,
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from January 2010 to June 2011, the April 2010’s model (𝑚𝑚2010−04−06 ) is the best performer replacing the
blue curve. It immediately shows perishability. It is because the best performing model at one period loses

its power as we move away from its sampling time. Despite apparent perishability, as time goes by, we see
an increase in the cross-entropy values across all models. It is again due to the increase in the diversity of
topics in Reddit data over time. In other words, the entropy function 𝐻𝐻(𝑃𝑃) is increasing.
Finally, we invert these learning curves to estimate the equivalent dataset size from time period 𝑡𝑡1 when

predicting for the time period 𝑡𝑡0 . Start with the best model, 𝑚𝑚𝑡𝑡1 ,50M , for time period 𝑡𝑡1 trained on 50 million
words, for example. Evaluate 𝑚𝑚𝑡𝑡1 ,50M to collect cross-entropy loss for time period 𝑡𝑡0 . Now use the learning

curve for models trained and tested on time period 𝑡𝑡0 to estimate how much training data from time period

𝑡𝑡0 is required to achieve that cross-entropy loss. Suppose the inverted learning curve yields 40 million

words required in time period 𝑡𝑡0 , then the equivalent dataset size from time period 𝑡𝑡1 is 40 million words
at time 𝑡𝑡0 , or it is effectively 80% of its time 𝑡𝑡1 size.

Figure 5) Equivalent sizes over time (x-axis) when we used 100MB of data in the training phase. Each curve is the trained model.
The legend describes the time we used to train these models. For example, the yellow curve shows a model that has been trained
on data from October 2012.

Figure 5 shows the equivalent dataset sizes for models trained on the 100MB of data sampled from different
times. We chose 100MB for this graph to make it easier for readers to convert values to percentages. As
seen in this figure, for periods after sampling time, the equivalent sizes are monotonically decreasing.
Despite overall monotonicity, we need to answer two questions about this graph:

1. Why do we observe higher equivalence variability on curves with higher equivalence (Closer to
100MB) sizes?
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2. Why do we, on some occasions, observe a sudden increase in all equivalence curves?

For the first question, we believe it happens due to numerical errors in the inversion of learning curves. As
we see in figure 3, learning curves have power-law functional forms. Hence, in different regions of the
learning curve, small change in measured cross-entropy translates to different magnitudes of change in
equivalent sizes. For example, in figure 3, if the training size is 100MB with measured cross-entropy of 5,
the equivalent size is roughly 25MB. A small change of 0.1 in the measured cross-entropy translates to an

equivalent size of roughly 20MB, which is 5MB different from the previous measurement. However, a
similar small change, when the cross-entropy is 4, makes the difference of roughly 50MB. Therefore, the

closer the equivalent size is to the training size, the smaller the error causes a higher variability. This also
explains the overshoots of later models (2017 and 2018) in equivalent sizes in August 2017.

For the second question, aside from the test set's sampling issues, model errors, and numerical error in
fitting the learning curve's functional, we believe it is natural for events on those occasions to be slightly
more predictable by all models. For example, for August 2017, if we look at the predictive power of
𝑚𝑚2006−2009 , we cannot find a considerable change, and sudden increase looks normal. However, due to the
magnification of error and variability in later models (Models with sampling time closer to 2017), we see
considerable changes in their equivalence values that sometimes lead to overshoots above 100MB.

At last, figure 6 shows the effectiveness curves. To deal with issues of the sudden increase in equivalent
sizes, we made a slight alteration on the way we calculate the effectiveness curve. In this way, since
theoretically 𝑛𝑛�𝐷𝐷𝑛𝑛,0 = 𝑛𝑛, we calculate 𝐸𝐸𝑛𝑛,𝑡𝑡 =

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡
𝑛𝑛

=

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡

𝑛𝑛�𝐷𝐷𝑛𝑛,0

. In other words, instead of dividing the equivalent

size of time 𝑡𝑡 to 100MB, we divide it by the measured equivalent size of test time. It is as if we divide the
measured value by the value of the best model predicting the test time. Doing this process over models from

a few time periods creates figure 6.

In this figure, we can confirm a monotonic decrease of the effectiveness curve. It is interesting to see that
the effectiveness curves of models from different times are all lined up. As this graph shows, roughly around
7 to 8 years, the value of data for the algorithm and the next word prediction task drops 50%. Furthermore,
we can see small periodic behavior in the measurements. For example, looking at the values of days 365,
730, and 1095 and comparing them with the values of days 181, 550, and 915, we can see small ripples in
the overall form of effectiveness functional. It suggests small periodicity in the data.
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Figure 6) Effectiveness curve. The X-axis shows the number of days after the training dataset was collected. The Y-axis shows the
effectiveness of the trained model. 1 means that 100% of the dataset's value has persevered. The legend describes the time we
used to train these models. For example, the yellow curve shows a model that has been trained on data from October 2012.

6. Discussion and Conclusions
An increase in the size of a dataset, with independent and identically distributed samples, improves the
generalizability of trained models. This improvement increases the quality of algorithms. Using this fact,
economists and data scientists argued that having more data (Weakly) improves the quality of AI-based
products and services.

For long, this argument triggered debates on whether data volume owned by big tech companies creates a
barrier to entry and, hence, deters the entry of new firms. Those in support argue that the data network
effect creates a winner take all situation. Hence, having a sufficiently massive amount of data, compared
with competitors, pushes competing firms off the market. Besides, this argument suggests first-mover
advantage in AI-based businesses meaning that firms who adopt the technology earlier can curate bigger
datasets and have a better competitive position.

In refute, researchers cite the diminishing return to scale of dataset size in the algorithm's performance.
They argue that data alone cannot contribute much to an algorithm’s performance, and there is a limit to its
power. In practice, once a model reaches its ultimate performance, companies propose new and more
complicated models that need even more data. For example, using deep learners, companies can always
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increase the number of layers as well as the number of neurons per layer to create more powerful models.
This change makes the diminishing return to scale argument weak.

Seeking another direction, in our paper, we argue that time-dependency, despite having a significant effect,
is neglected in the debates. We believe that it plays a crucial role in determining the importance of data in
AI-based businesses. The change over time is justified with innovation in products and services’ space as
well as the change in consumers’ taste and behavior. Because of innovation, we believe that data distribution
is different in the future from any combination of distributions in the past, meaning that older datasets may
not be relevant enough to problems in hand. The lack of relevance means that data loses its effectiveness
in creating value. By means of an experiment, we empirically showed a semi-monotonic decline in the
value of a dataset.

Having the shift in distribution over time, we theoretically proved that even an infinite size of timedependent data has limited power in predicting the future, which means a dataset of bounded size from the
right distribution can reach a similar performance level. Therefore, the bounded effective size attests to the
importance of fresh data and dismisses the diminishing value of new datapoints. Further, the bounded
equivalent size of data puts a limit on the importance of data in creating a barrier to entry.

Our argument supports recent research conducted by [6] and [14]. Notably, we believe that both the search
engine and advertisement businesses face a high level of time-dependency, and hence, the value of their
data perishes very quickly. As explained in the literature review, [6] considered the value of data in
advertisement and [14] research value of online search data.

We move one step forward and, through sequential offloading, argue that mass of data may even put a firm
in a disadvantageous position. For more clarification, consider a case where data perishes extremely fast.
In this case, training an algorithm on the old data frequently produces irrelevant outcomes and leads to user
frustration. This proposition cast doubts on arguments supporting the first-mover advantage in AI-business.
It means that, in businesses with highly perishable data, being a first mover is not necessarily an advantage,
and using the entire curated dataset creates a disadvantage.

We can extend our arguments and results to any data property that can be modeled by the underlying
distribution. It is because all our definitions, theorems, and propositions are a function of variation in the
distributions. For example, we may extend this result to measure the value loss in the user dimension. In
other words, we may model the heterogeneity in preferences across users by variation in their preference
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distributions. Then, we measure the value of a user's data on predicting other user's preferences. In this
paper, we chose to center our arguments around the change over time since it is easier to visualize. Besides,
experimenting over time dimension has the benefit of having a semi-monotonic decline in the value of data.
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Appendix A
Proof of Theorem 1)
Define 𝑣𝑣 = −log(𝑚𝑚(𝑥𝑥, 𝜃𝜃)). For a given 𝜃𝜃 and IID 𝑥𝑥𝑖𝑖 ∼ 𝑃𝑃(𝑥𝑥), 𝑣𝑣𝑖𝑖 becomes IID samples of random variable
𝑣𝑣. If 𝐸𝐸𝑣𝑣𝑖𝑖2 < ∞, for a large number of data points we can use central limit theorem and hence,
𝑛𝑛

1
𝐶𝐶1
� 𝑣𝑣𝑖𝑖 = 𝐸𝐸𝑃𝑃 (𝑣𝑣) + 𝑜𝑜 � � 𝒩𝒩(0,1)
𝑛𝑛
√𝑛𝑛
𝑖𝑖=1

Where 𝐶𝐶1 is a function of 𝑣𝑣𝑣𝑣𝑣𝑣(𝑣𝑣). Note that 𝐸𝐸𝑃𝑃 (𝑣𝑣) = −𝐸𝐸𝑃𝑃 �log�𝑚𝑚(𝑥𝑥, 𝜃𝜃)�� = −𝐸𝐸𝑃𝑃 (log(𝑃𝑃)) +

𝐸𝐸𝑃𝑃 (log(𝑃𝑃)) − 𝐸𝐸𝑃𝑃 �log�𝑚𝑚(𝑥𝑥, 𝜃𝜃)�� = −𝐸𝐸𝑃𝑃 �log�𝑃𝑃(𝑥𝑥)�� + 𝐸𝐸𝑃𝑃 log �
Therefore,

𝑃𝑃(𝑥𝑥)

𝑚𝑚(𝑥𝑥,𝜃𝜃)

� = 𝐻𝐻(𝑃𝑃) + 𝐷𝐷(𝑃𝑃 |�𝑚𝑚(𝑥𝑥, 𝜃𝜃)�.

𝑛𝑛

1
𝐶𝐶1
− � log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃)� = 𝐻𝐻(𝑃𝑃) + 𝐷𝐷( 𝑃𝑃||𝑚𝑚(𝑥𝑥, 𝜃𝜃) ) + 𝑂𝑂 � � 𝒩𝒩(0,1)
𝑛𝑛
√𝑛𝑛
𝑖𝑖=1
Q.E.D.

Proof of Proposition 1)
From our assumptions in the paper and the asymptotic efficiency of MLE [13], we know that
lim 𝑚𝑚(𝑥𝑥, 𝜃𝜃𝑛𝑛 ) = 𝑃𝑃(𝑥𝑥) where 𝜃𝜃𝑛𝑛 = max ∑𝑛𝑛𝑖𝑖=1 log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃)�

𝑛𝑛→∞

θ

Hence, for 𝐸𝐸| log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃𝑛𝑛 )�| < ∞ and using the strong law of large number we have
𝑛𝑛

1
lim − � log�𝑚𝑚(𝑥𝑥𝑖𝑖 , 𝜃𝜃𝑛𝑛 )� = 𝐻𝐻(𝑃𝑃) + 𝐷𝐷(𝑃𝑃|�𝑚𝑚(𝑥𝑥, 𝜃𝜃∞ )� = 𝐻𝐻(𝑃𝑃) + 𝐷𝐷(𝑃𝑃||𝑃𝑃) = 𝐻𝐻(𝑃𝑃)
𝑛𝑛→∞
𝑛𝑛
𝑖𝑖=1

Therefore, a model that has been trained on 𝐷𝐷∞,0 should reach the loss value 𝐻𝐻(𝑃𝑃0 ). Assume 𝑥𝑥 (0) ∼ 𝑃𝑃0 (𝑥𝑥)

and 𝑥𝑥 (𝑡𝑡) ∼ 𝑃𝑃𝑡𝑡 (𝑥𝑥). Consider a model that has been trained on a dataset from time 𝑡𝑡 (𝐷𝐷∞,𝑡𝑡 ) and been tested

on a dataset from time 0,
(𝑡𝑡)

max ∑𝑛𝑛𝑖𝑖=1 log �𝑚𝑚 �𝑥𝑥𝑖𝑖 , 𝜃𝜃��
θ

𝐷𝐷∞,0 .

In this case,

lim 𝑚𝑚�𝑥𝑥 (𝑡𝑡) , 𝜃𝜃𝑛𝑛 � = 𝑃𝑃𝑡𝑡 (𝑥𝑥) where 𝜃𝜃𝑛𝑛,𝑡𝑡 =

𝑛𝑛→∞

The test loss value for this model is
1

(0)
lim − ∑𝑛𝑛𝑖𝑖=1 log �𝑚𝑚 �𝑥𝑥𝑖𝑖 , 𝜃𝜃∞,𝑡𝑡 �� = 𝐻𝐻�𝑃𝑃(𝑥𝑥)� + 𝐷𝐷 �𝑃𝑃(𝑥𝑥)|| 𝑚𝑚�𝑥𝑥, 𝜃𝜃∞,𝑡𝑡 �� = 𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )

𝑛𝑛→∞

𝑛𝑛

Since both 𝐻𝐻(𝑃𝑃0 ) and 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) are non-negative functions of distributions [30,40], we conclude that the

loss value is higher than 𝐻𝐻(𝑃𝑃0 ). Therefore, a bounded size dataset should reach the loss value 𝐻𝐻(𝑃𝑃0 ) +
𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ).
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Formalizing this argument, we define a neighborhood around 𝐻𝐻(𝑃𝑃0 ) with the size 𝛿𝛿 > 0 and prove that

with probability (1 − 𝜖𝜖), any dataset of bounded size reaches a value in the neighborhood.
Mathematically, for large dataset samples 𝑛𝑛 ≫ 1 and 𝛿𝛿 > 0, using theorem 1 we have
𝑛𝑛

1
1
(0)
𝑃𝑃 ��− � log �𝑚𝑚 �𝑥𝑥𝑖𝑖 , 𝜃𝜃𝑛𝑛,0 �� − 𝐻𝐻(𝑃𝑃0 )� > 𝛿𝛿� = 𝑃𝑃 ��𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) + 𝑂𝑂 � � 𝒩𝒩(0,1)� > 𝛿𝛿�
𝑛𝑛
√𝑛𝑛
𝑖𝑖=1
1
= 𝑃𝑃 ��𝒩𝒩 �𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ), 𝑜𝑜 � ��� > 𝛿𝛿� =
√𝑛𝑛

= 𝑃𝑃 �𝒩𝒩 �𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) − 𝛿𝛿, 𝑜𝑜 �

1

1
�� > 0� + 𝑃𝑃 �𝒩𝒩 �𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) + 𝛿𝛿, 𝑜𝑜 � �� < 0�
√𝑛𝑛
√𝑛𝑛

𝛿𝛿 − 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
−𝛿𝛿 − 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
� + Φ�
�
1
1
𝑜𝑜 � �
𝑜𝑜 � �
�������������
����������
√𝑛𝑛
√𝑛𝑛�����

= Φ�

(𝑖𝑖)

(𝑖𝑖𝑖𝑖)

Where Φ(. ) is the cumulative distribution function of standard Normal. In above equation, since 𝛿𝛿 > 0, (i)
is bigger than (ii) which means
𝑛𝑛

1
𝛿𝛿 − 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
(0)
𝑃𝑃 ��− � log �𝑚𝑚 �𝑥𝑥𝑖𝑖 , 𝜃𝜃𝑛𝑛,0 �� − 𝐻𝐻(𝑃𝑃0 )� > 𝛿𝛿� < 2Φ �
�
1
𝑛𝑛
𝑜𝑜 � �
𝑖𝑖=1
√𝑛𝑛

Since for 𝛿𝛿 < 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) the numerator is negative,
lim Φ �

𝑛𝑛→∞

𝛿𝛿 − 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
� = Φ(−∞) = 0
1
𝑜𝑜 � �
√𝑛𝑛

Therefore, For any 𝜖𝜖, 𝛿𝛿 > 0, ∃ 𝑛𝑛0 < ∞ 𝑠𝑠. 𝑡𝑡. ∀ 𝑛𝑛 > 𝑛𝑛0
𝑛𝑛

𝛿𝛿 − 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
1
(0)
� < 𝜖𝜖
𝑃𝑃 ��− � log �𝑚𝑚 �𝑥𝑥𝑖𝑖 , 𝜃𝜃𝑛𝑛,0 �� − 𝐻𝐻(𝑃𝑃0 )� > 𝛿𝛿� < 2Φ �
1
𝑛𝑛
𝑜𝑜 � �
𝑖𝑖=1
√𝑛𝑛

Meaning that a dataset size of 𝑛𝑛 > 𝑛𝑛0 with probability 1 − 𝜖𝜖 surpass the performance of infinite dataset

size from time 𝑡𝑡.
Q.E.D.

Proof of Theorem 2)
a, c) This is a direct result of theorem 1 and proposition1.
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b) Due to monotonic decline of effectiveness over time, 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡1 � < 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡2 ) for 𝑡𝑡2 > 𝑡𝑡1 and
𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡1 � > 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡2 ) for 𝑡𝑡2 < 𝑡𝑡1 .

For sufficiently large number of datapoints, the model 𝑚𝑚(𝑥𝑥, 𝜃𝜃) almost converged to 𝑃𝑃(𝑥𝑥). Therefore, due

to continuity and differentiability of the learning curve, we can use Taylor expansion of learning curve’s
inverse on the neighborhood of 𝑃𝑃(𝑥𝑥).

𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 = 𝐸𝐸𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷 �𝑃𝑃0 ||𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 �� �
∼ 𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )�

+ 𝐸𝐸 ��𝐷𝐷 �𝑃𝑃0 ||𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 �� − 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )�

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) �
𝜕𝜕𝜕𝜕

= 𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )� − 𝐸𝐸 ��𝐸𝐸𝑃𝑃0 log

Using Taylor expansion log(1 + 𝑥𝑥)~𝑥𝑥 −

𝑥𝑥 2
2

+

𝑥𝑥 3
3

𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � 𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
��
𝜕𝜕𝜕𝜕
𝑃𝑃𝑡𝑡 (𝑥𝑥)

+ 𝑜𝑜(𝑥𝑥 4 ), in the neighborhood of 𝑥𝑥 = 0. We do this

because we expect 𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � → 𝑃𝑃𝑡𝑡 (𝑥𝑥). Using Taylor expansion, we have
𝑛𝑛𝐷𝐷𝑛𝑛,𝑡𝑡 = 𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )�

2

𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � − 𝑃𝑃𝑡𝑡 (𝑥𝑥) 1 𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � − 𝑃𝑃𝑡𝑡 (𝑥𝑥)
1 𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � − 𝑃𝑃𝑡𝑡 (𝑥𝑥)
− �
� + �
�
− 𝐸𝐸𝑃𝑃0 �
𝑃𝑃𝑡𝑡 (𝑥𝑥)
2
3
𝑃𝑃𝑡𝑡 (𝑥𝑥)
𝑃𝑃𝑡𝑡 (𝑥𝑥)

3

4

𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � − 𝑃𝑃𝑡𝑡 (𝑥𝑥)
𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
+ 𝑜𝑜 �
� �
𝜕𝜕𝜕𝜕
𝑃𝑃𝑡𝑡 (𝑥𝑥)

Assuming 𝑚𝑚(𝑥𝑥, 𝜃𝜃) to be a continuous function of 𝜃𝜃, we can use theorem 10.1.12 in [13] (Asymptotic
efficiency of MLE) and approximate 𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � with respect to randomization in algorithms and choice of

dataset in the training phase. Therefore,

𝑚𝑚�𝑥𝑥, 𝜃𝜃𝑛𝑛,𝑡𝑡 � ∼ 𝑃𝑃𝑡𝑡 (𝑥𝑥) +

Where 𝑣𝑣(𝜃𝜃) is the Cramer-Rao lower bound.
𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 = 𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )�

1

√𝑛𝑛

1

𝒩𝒩(0, 𝑣𝑣(𝜃𝜃))

2

𝑣𝑣(𝜃𝜃)
1
𝑣𝑣(𝜃𝜃)
1
𝑣𝑣(𝜃𝜃)
�−
�𝒩𝒩 �0,
�� +
�𝒩𝒩 �0,
��
− 𝐸𝐸[𝐸𝐸𝑃𝑃0 � 𝒩𝒩 �0,
(𝑥𝑥)
(𝑥𝑥)
𝑃𝑃𝑡𝑡
𝑃𝑃𝑡𝑡
𝑃𝑃𝑡𝑡 (𝑥𝑥)
2𝑛𝑛
3𝑛𝑛√𝑛𝑛
√𝑛𝑛

3

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
1
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
+ 𝑜𝑜 � 2 ��]
𝜕𝜕𝜕𝜕
𝑛𝑛
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=

𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 )

2

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
𝑣𝑣(𝜃𝜃)
1
1
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )
�𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� + 𝑜𝑜 � 2 ��
+ 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 )� +
𝑃𝑃𝑡𝑡 (𝑥𝑥)
𝜕𝜕𝜕𝜕
2𝑛𝑛
𝑛𝑛

Since the first and third moment of centered Gaussian distribution is equal to 0.
As a side note, the argument inside the brackets is positive. Since

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)

2

𝜕𝜕𝜕𝜕

< 0 we conclude

𝑣𝑣(𝜃𝜃)
𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
1
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) < 0
�𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
𝑃𝑃𝑡𝑡 (𝑥𝑥)
𝜕𝜕𝜕𝜕
2𝑛𝑛

Hence, 𝑛𝑛�𝐷𝐷𝑛𝑛,𝑡𝑡 is an increasing function in 𝑛𝑛 for sufficiently large n.

Back to the prove, we now take the derivative of 𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ) with respect to 𝑛𝑛. For large 𝑛𝑛 we use the
following approximation

𝑓𝑓̂𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ) =

𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 )
𝐺𝐺0−1 �𝐻𝐻(𝑃𝑃0 )

=

2

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
1
𝑣𝑣(𝜃𝜃)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡 �
�𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
+ 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡1 �� +
2𝑛𝑛
𝜕𝜕𝜕𝜕
𝑃𝑃𝑡𝑡1 (𝑥𝑥)
1
2

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
1
𝑣𝑣(𝜃𝜃)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡 �
�𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
+ 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡2 �� +
2𝑛𝑛
𝜕𝜕𝜕𝜕
𝑃𝑃𝑡𝑡2 (𝑥𝑥)
2
2

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
1
𝑣𝑣(𝜃𝜃)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡 �
𝑛𝑛�𝐷𝐷∞ ,𝑡𝑡1 +
�𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
2𝑛𝑛
𝜕𝜕𝜕𝜕
𝑃𝑃𝑡𝑡1 (𝑥𝑥)
1
2

𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
1
𝑣𝑣(𝜃𝜃)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡 �
𝑛𝑛�𝐷𝐷∞ ,𝑡𝑡2 +
�𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
2𝑛𝑛
𝜕𝜕𝜕𝜕
𝑃𝑃𝑡𝑡2 (𝑥𝑥)
2
1

To show the derivative sign, we focus on the for large n (Omitting 𝑜𝑜 � 3 �)
𝑛𝑛

2

𝜕𝜕𝑓𝑓̂𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 )
1
𝑣𝑣(𝜃𝜃)
𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡 �
⟹ 𝑛𝑛𝑛𝑛𝑛𝑛 �
� ~ 2 �𝑛𝑛�𝐷𝐷∞ ,𝑡𝑡1 �𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
2
𝑃𝑃𝑡𝑡2 (𝑥𝑥)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
2𝑛𝑛
2

𝑣𝑣(𝜃𝜃)
𝜕𝜕𝐺𝐺0−1 (𝑞𝑞)
|𝐻𝐻(𝑃𝑃0 )+𝐷𝐷�𝑃𝑃0 ||𝑃𝑃𝑡𝑡 � �
− 𝑛𝑛�𝐷𝐷∞ ,𝑡𝑡2 �𝐸𝐸𝐸𝐸𝑃𝑃0 �𝒩𝒩 �0,
�� �
1
𝑃𝑃𝑡𝑡1 (𝑥𝑥)
𝜕𝜕𝜕𝜕

Since the argument in the brackets are not a function of 𝑛𝑛, we can conclude that for large 𝑛𝑛, the substitution
function 𝑓𝑓𝑛𝑛 (𝑡𝑡1 , 𝑡𝑡2 ) is monotonic in 𝑛𝑛.

Q.E.D.

pg. 33
Harvard Business School Working Paper, No. 21-016

Proof of Lemma 1)
1

Assume dataset 𝐷𝐷𝑛𝑛,𝑡𝑡 is sampled over time with the density function 𝜆𝜆𝑡𝑡=𝑡𝑡0 = ∑𝑛𝑛𝑖𝑖=1 1(𝑡𝑡𝑖𝑖 = 𝑡𝑡0 ) Considering
𝑛𝑛

each sample a random variable, number of times 1(𝑥𝑥 < 𝑎𝑎) = 1 in the dataset is equal to ∑𝑛𝑛𝑖𝑖=1 1𝑡𝑡𝑖𝑖 (𝑥𝑥 < 𝑎𝑎).
Therefore, the expected frequency of the event {𝑥𝑥 < 𝑎𝑎} is equal to
𝑛𝑛

𝑛𝑛

𝑛𝑛

1𝑡𝑡 (𝑥𝑥 < 𝑎𝑎)
1
1
𝑃𝑃𝐷𝐷𝑛𝑛,𝑡𝑡 (𝑥𝑥 < 𝑎𝑎) = 𝐸𝐸 �� 𝑖𝑖
� = � 𝐸𝐸(1𝑡𝑡𝑖𝑖 (𝑥𝑥 < 𝑎𝑎)) = � 𝑃𝑃𝑡𝑡𝑖𝑖 (𝑥𝑥 < 𝑎𝑎)
𝑛𝑛
𝑛𝑛
𝑛𝑛
�������������
𝑖𝑖=1
𝑖𝑖=1
𝑖𝑖=1
𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

Integrating the density function 𝜆𝜆𝑡𝑡 into formulation
𝑛𝑛

𝑛𝑛

1 𝑡𝑡
1
𝑃𝑃𝑛𝑛,[0,𝑡𝑡],𝜆𝜆𝑡𝑡 (𝑥𝑥 < 𝑎𝑎) = � 𝑃𝑃𝑡𝑡𝑖𝑖 (𝑥𝑥 < 𝑎𝑎) = � � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)1(𝑡𝑡𝑖𝑖 = 𝑠𝑠) 𝑑𝑑𝑑𝑑
𝑛𝑛 0
𝑛𝑛
𝑖𝑖=1

𝑖𝑖=1

𝑛𝑛

𝑡𝑡
𝑡𝑡
1
= � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎) � 1(𝑡𝑡𝑖𝑖 = 𝑠𝑠) 𝑑𝑑𝑑𝑑 = � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑
𝑛𝑛
0
0
𝑖𝑖=1

Q.E.D.

Proof of Proposition 2)
Using lemma 1, we know that dataset’s net distribution is
𝑡𝑡

𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 (𝑥𝑥 < 𝑎𝑎) = � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑
0

Therefore, training on the dataset of infinite size and test it at time 0, the error will be equal to
𝑡𝑡

𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷�𝑃𝑃0 ||𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 � = 𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷 �𝑃𝑃0 || � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑�
0

Since KL-divergence is a convex function [30], we use Jensen inequality to derive an upper bound
𝑡𝑡

𝑡𝑡

𝑡𝑡

𝐷𝐷 �𝑃𝑃0 || � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑� = 𝐷𝐷 �� 𝑃𝑃0 𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑 || � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑�
0

0

𝑡𝑡

0

= � 𝜆𝜆𝑠𝑠 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑠𝑠 )𝑑𝑑𝑑𝑑 < max 𝐷𝐷(𝑃𝑃0 , 𝑃𝑃𝑠𝑠 )
s∈[0,t]

0

Besides, we know that KL-divergence is nonnegative which means
𝑡𝑡

𝐷𝐷(𝑃𝑃0 ||𝑃𝑃0 ) = 0 ≤ 𝐷𝐷 �𝑃𝑃0 || � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑� ≤ max 𝐷𝐷(𝑃𝑃0 , 𝑃𝑃𝑠𝑠 )
s∈[0,t]

0

Since we assumed in this paper that the function ℎ(𝑡𝑡) = 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ) is continuous over time (The change in
distribution is gradual and hence, ℎ(𝑡𝑡) is continuous) There exist a time 𝑡𝑡 ∗ ∈ [0, 𝑡𝑡] such that
𝑡𝑡

Therefore

𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ∗ ) = 𝐷𝐷 �𝑃𝑃0 || � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑�
0
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𝑡𝑡

𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷(𝑃𝑃0 ||𝑃𝑃𝑡𝑡 ∗ ) = 𝐻𝐻(𝑃𝑃0 ) + 𝐷𝐷 �𝑃𝑃0 || � 𝑃𝑃𝑠𝑠 (𝑥𝑥 < 𝑎𝑎)𝜆𝜆𝑠𝑠 𝑑𝑑𝑑𝑑�

This means that 𝑃𝑃𝑡𝑡 ∗ generate the same loss value as 𝑃𝑃[0,𝑡𝑡],𝜆𝜆𝑡𝑡 .

0

Q.E.D.
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Appendix B
We ran four experiments with different dataset sizes over Reddit data. The up-left figure shows the
effectiveness curve when we trained the model over 25MB of data. Up-right, down-left, and down-right
show the curves for 50, 100, 200 MBs, respectively. As can be seen in these graphs, the effectiveness curve
is becoming steeper as expected. Meaning that substitution gain will be monotonically increasing in the
number of samples.
For example, looking at the effectiveness value for day 2920, we can see the effectiveness values of roughly
0.55, 0.5, 0.45, and 0.4 in the 25, 50, 100, and 200 MBs graphs, respectively.
𝑓𝑓25𝑀𝑀𝑀𝑀 (0,2920)~1.81
𝑓𝑓50𝑀𝑀𝑀𝑀 (0,2920)~2.00
𝑓𝑓100𝑀𝑀𝑀𝑀 (0,2920)~2.22
𝑓𝑓200𝑀𝑀𝐵𝐵 (0,2920)~2.50
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