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NOTES Ci EXPECTATIONS EQUILIBRIA Il BAXMQ nJ SETTINGS*

\

by

Kenneth J. Arrcs ead Jerry R. .Grecn

. Intrbduction

. I_n recoving &:su:ptiéns of perfect end cc‘::rgle.te ';nf‘oz'mation,
ecmom.»‘ts have begun to coniront problers of expectetions for“ ation.
Alth_ous}x these have been ecknewledlged ir.plicitly for a long time in‘
‘econon:e rics rnd eccrnomic thec » the specific incerporeticn of seeking
end using informetion into optimizing moaﬂls has proven to be a diffi-
cwlt tesk. Still more troublesece hes been the prodlenm of i‘qr:ulat:’.ng

equilibrivm rodels in which lesrning processes es well p= the ordin 7y

econoric activities are be:.-z,> optizized sircultenecusly by a1l partici-—

" pents.

The first prcblem to be feced is that of éefining the ccncept of
an equilibrium in expectations. Severel possibilities have been used
In vaericus contexts. Muth [1961] defined an expectstien (i.e., a probe-
bility distribution descriding telief abou£ & rcal-valued randon

verfsble) to be fulfilled if it hes the sewe mean es the observations

‘on this variab;e. An equilidbrium will then be & set of actions, optimal

vith respect to the expectations of all agents, such that everyone's

expectetions are fulfilled in th's sense.

e ere inde‘btcd to Devid Starrett for pointing out en error in an cerlier
version. This work wes supported in part bty Nsticnel Science Foundation
Grant GS-3209-A2 to the Institute for Mathermatical Studies in the Sccial
Belences, Stanford University aad NSF G*‘mt G5-316E3 to Harvard Univer-
sity.
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A second possibil;ty is to think of expeé;ations as éubjcctive
cértainties at every future dete. In this sense, an expectation pettern
is & functicn wxicn glVPS the value of the varieble in question 8t every
time in the future. This rezoves the s+atic preperty of the previous
deflnitlon, bul also mexes it irpossible to consicder beliefs thet recog-
nize subjectlve uncertainty at a given point in time. An equlllbriun of
this system, es studied by Brock [1972] is en expectations pettern
vhich, if held ty everyone, would generete a reelizstion in the econcry
wvith vhich it is identical. |

The third pessibility, end the‘one ve thall follow, is sim;lar to
the first dut strohsgr. For'equilibrium, it is required that the ree-
dized distribuﬁion te identical_vith the enticipated distributica, not
only the sexe in zean.  This defirnition was preposed by Luces &nd -
Prescott [1971). However, they essuzed thet expectetions have this
characterlstzc vhereas our cencern will be to- study the circumstences
wnder vhich such en equilidriunm is possible,.its characteristics, end

how it ney be attaiced through e learning process by sizultaneously maxi-

mizing egents vhese initial beliefs are not in equilibrium.
This epproach has been followed by Cyert and de CGroot [1971] in

&n oligopoly rodel in which firms behave as Bayesien statisticians in

segrch of'the kink in their kinxed demend curves. Grossqan {1972] pur-

8ues & similar rodel of a perfectly competitive industry with a continuum

] or‘producers vhose productzon functicns sre stochastie. Bbthschild [1973]

explores the question of consusers lecarning about prices tbi products



so0ld at different IOC&\-I.CH.», vher, the statistical distridbution of
prices is unxnovn. Rothschild [2971] treats the pro‘blc;n of setting
prices when there is \mcertai‘nty'about &8 stochestic derand i‘uncti'on.

In any leerning situetion in a corpetitive rcdel there ere two
conflicting fc;rces et work., Each ugc.nt rey be Teced with & tredecff
bet‘}een leerning riore quickly end ‘operating' in rore e.dvantageb-us weys
during the leerning process. But &t the sé::e tize the learning processes
therselves ere interconnected beceuse the ac.tionsA of orne egent ini-‘lue:;cc
the experiences, ané hernce the learnirg, of a.gl others. In this peper
we concentrete excluszvely on the seccnd prcble.... |

As in the works cited sbove, ve will proceed bty wsing specifie
exazples. But unlike the others (cxccpt Rethecnild {1971))our results
~ere lergely negetive. To sey \'hz‘zt' "negative" meens in this ccn‘éext,-
one must say whet types c;r results might be expected, or at least desired.
‘ Ttxis is discussed in the next section. Section 3 s'ets forth the genersal
theoretical structure of the peper. Section h presents end discusses ihe

exe.mples vhich form our rmein ccnelusions.

2. Bavesian Infer’n in Cowetitive Situstiens

In .sts.ndard statisticel theory it is shown that a statistician
vho is uncertain shout a parazeier of a d.is.tri’bution will learn its
true value through repeated applications of Beyes' Theorem. This basic
result is true in the linit independent of the prior beliefs of the

individual--as long &s a neighborhood of the true paremeter value had

positive veight in the prior. Sizilarly, since the éoxi»"ergepce of beliefs ,
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is elnost-sure, it is (nlx:ost-sm-ely) incdependent of the actunl seple

received. We shall call these properties prior inécoendence end sermle

independence reszectively. ) ] x

In the rodel wve study, es in those of others rentioned in the
prcvious section, each egent ects as e Bgyesien statlstlcian. Ve might
hope that results ana.lobou.. to prior 1nd~pendence or sexple indeperde'}co
could be odbtained. That is, regardless of initiul beliefs,'postericr
distridutions would ccni'erge to en equilibriu:x for alrost-every evoluticn
of the econoxy, end therefore in the 1limit el1 egents vould zgree--end
be correct--concerning the true eccnomic environzment. I-‘urther.-if
"their criteria were icerntical end the em'i:;on:ent syr=etrie, tt:.ey woéﬂ.d
ultirately teke identicel actions. and wveuléd Ve echieving icenticel resulss.

The exarples we present in -Secticn-h shce thet these properties
do not hold in generel. 1In perticuler, equilidbrie ey fail to exist;
‘_thére méy be greet esyrzetries in equilidrivm situetions; exd these oy
be attained es equilibria of learning processes when the egents have
different priors. Further, ané not su.rprising.in light of these pessi-
bil1t1es, the prior of one agent msy influence the learnmg of others
through its effect on the actions of this egent which in tum e.ffect the
Qbservatlons of everyone in the systen. .

* We have no ex "'ple thus far, of serple dependence. However, it

‘seems clear that thiz should also be expected in general.




in vhich the rande= influences on the econcry cen be measured. Let Y.

3. Basjie lModel

in this section we present the structure of & gereral rodel
designed tc ctpture tre probie:s.medtiéned ebove. The folloving sec-
tion contains’some speciel cases of this rodel in which we cxplore thre
equilibria and the leaming process thet leaééto them.

We &assume thsat there sre n eccronic ezents indexed by

f=2,...,n. The agecnts choose an acticn at eech steze of the process.
] » e s Eg

The set of all no;sib;e zotions for the i~-th egent is denoted Xi, engd

& typical action is en elerent X of _Xi. These ecticns Jointly Qeter-
mine en outcore which zey itself be a ranéc: varizble. The outcoze is

& corplete descririion of the stete of the econcry efter the results of

the ections token aad after the influvence of vwhetever renden pereceters

‘ere relevent to that stege of the prcécss‘are felt. .Let i be a spase

>

be the set of ell possible observeticns on the stete of the ecchoy for

dndividual . A typicel observetion for this individuel is cenoted by

£y .

We suppose that the welfere of the individual is affected by his
actionvand his‘observatioa et the.date in question, but not by his
ections or'observations at othe? dates.l/ Thus the utility received by

4 at eny date is a function

v : qtixri+n .

é-/I“ormf.xlly of ccurse this would be generalized in & straightforward
fashion by censidering each stege of the pProcess to be a T-tuple of dates,
vhere T 4s the longast lag in the process. The actien xi(t) would
then be a vector of the lest T actions xi(t),....xi(t-Tfl).



Let X‘g '(719”‘0("): y = (yl'”"yn)’ X = xl X ooe X xn' end

Y=Y x.,., x Y,\,' The i;imcess cen be desceridbed by a function

b

G: XxZ+Y .

%é injberpr"ctation of .tﬁis is that the ections 'x and the randox
veriedble with value 2z produce & nev stete of tixe econozy vhich is
observed by the individuels es y = G(x,z). Some of the observetions ey
-irclude knowledge ebout the actions teken by other individuals. 1In

‘extrem ceses it will be either the entire . X vector, complete irfor—c-

tion, or none of it, cerrlete imerence. In this* peper we s.'ill-be
prirarily cecacerned with thf: letier cese. Undoudledly, in.ten:ediate
ctses ere of great j.;:;.ortance end we introcduce this forzslism with the
hope thet it will be explorcé et a future date.
' Ve assu=e that the rencenm pére::eter z is incependent of x,
end distridbuted iﬁdependently end identicelly in each iteretion. The
distridution o;‘ z will be denoted u, end the Qensity of p will be
denoted by: f. By the true radel, we villvx':éan. the peir (G,u).

The essential feeture of the model is thet individuals ave not
essumed to know the true model (G,u). Eech individuel knows thet he
is one perticipent a=ong others in the econbzzf. end he hes his own model
of the system as it is relevent to hin. The model is assumed to have es
variebles only those wrich he either observes or chooses directly. Unex-

Pleined variations in the observation ere erbodied in a personel rendon

yerinble € 2,. Thus the individual uses the infor::.p.tiph that he.

o S
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receives during the process to esticate the parezeters ol & personal

moded
¥; = 81("1'21) .

The rencom varisble 24 is essuzed by the individual to heve a

i

place ccrcerns these _j:ara:.eters. Eech individuel hes a prior &t eech

distribution u, paraccterized by ei € §,. The leerning that teXes

‘date on ei, which mzy be described by a prebedbility distridbution with
density. vi on Oi' After receiving the otservetion yi. ‘es & conse-
. o ' -1, ‘
- V ] 14 - =
quence of heving teken the sction X he co—putes & (yi ,xi) 2y
and epplies Bgres theorem to this odcerveticn, vhich gives rise to &
_posterior distributicn over 01.
’ 'Ifx ordar thet this proccedure dbe fee.sible,.it is necessery thet
1
H = {z, € = -elex bser-
g (y:l ,xi) { i Zihﬁ:,i(xi ,yi) zi} be & one-elexent set for all cobser
vations Y3 end acticns x; such thet Yyq is & possible observation
given X That is, we assune more forzelly the fol;owing wniouveness

ol ricn. . € . !
cnte.ic.. ir x; Xi, ¥y € Yi, end z €Z setisfy

end £(z) >0 or z is en stom of u, then
{z, E 21'51("1’21) =y}

concists of exactly one elcxzent.



This assuzpticn is & Joint conditicn on G, y, and {g.). The
single-velucdness condition ir::phes that t‘:c leaming process of the
1nd1'ndual is essenula_ly inéependent cof his ecticn, a.nd therefore e
separetion exists between the forrstion of expectations and the choice
of an opfix:al action et each dete. This i-e::oveslthe relevence, for the
prescr{t purposes, of experirentel cesign prodlecs (see, e.g., Rothschilga
[1971)), which are undoudtedly of considereble irportence end showld be
treated simultencously with this problenm in a more generel enalysis.

Thus the individual is essured to chocse Xy et each dale to

waxinize

vhere the expectetion is teXen vwith reszect to yi = g (y »*) over 2ll -

possible velues of B y weighted by the prior.

An equilibriun of this system will be e stete in which no further

learning tekes place end in which expectaticns are correct in the sernse

that the enticipated distribution of 2, 4s reelized. More for=elly,

i
&n equilidriuz is & collection of velues of the paeraneter 31 € ei
i =12,...,n which give rise to cptiral actions ;Ei € X, such thet the

. rYencdom varisble

ci(i.i)

has the same @istribution es the random varieble



gl ’zij

where A is distributed vith parazcters 3..-2-/

The interpretetion of this is thet Ei is the point &t vhich
dndividual i's prior is degererate, va.nd he is correct in the sense
fhut the rendonm varieble he cbserves reletive td his model has the distri-
bution thet he believes it vill have. Of course his model itself rey be
wrong in sox= sense--bu; the problea consicdzred herein is cnly en equili-
brium of a particular leemiang process end does.not censider the choice
of such & process.

In order for the gbove definition tc; be a reeningful criterion,
ve must have the possitility thet there exists e pcint in the personel

1lity
paraneler space of eny agent such that the distribution ke observes

given constent scticns by évez?jcne else is the sa=e &s thet which he

enticipetes. Tnat is, ve &ssuve tr.zat the following corsistercy ceritericn

is satisfied by the =ocels igi,ei}. | |
For e11 x € X, there exists for each {1 = l,.¢.,n, & point

91 € 6, such that Gi(x,z) is distridbuted the sem= &s 'gi(xi,zi) vhere

2z, has distribu?iﬂn'pa:‘e.:terized by 0. .
This condition is & Joint restriction on G, yu, Si’ and Bi. The

exerples of the next section will show that it 1s corpetible with the

uniqueness criterion steted ghove.

~ 2/sce W, F. DoT3].
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x. Exarples
In this section, vhich forrs the centrel pert of this peper, we

prescnt'a set of exuzples vhich are highly speciclized cases of the adove
rather geﬁeral structure. The point of these exe=—ples is to éisplcy
sore sceringly pethological, or at leest rildly unexpected, properties

of their eguilidria.

A1)l the exarples are most esasily thousht of es quantity-sétting
monopolistic corpetitors, §ho do not receive information on the quanti-
ties produced by their rivels, but cniy cbserve the zerret priéc. This
is determined by the interection of aggregete supply with & random dexmend
curve. |

~We dencte by 7, the prefit per wnit o% prod?cticn vhich is nede
‘by every produzer. This will bc the only observed verieble end it will
be obéerved by every producer. Any ncn-negstive reegl nu~ber is & possibtle

production level. Tnat is, X

5 = R+ and ¥ = B, for a11 4.

i

Exemple 1:

This exarple is characterized by the model,

- . N
(vyeeem) =y =0G{x,2) =b = 2} X

) k=1
vhere 2z is exponentielly distriduted with parazeter  end b is a

eonstent, ana the personel models,

ey = glxae) =b-zx



vhere z; is exponential_ly distridbuted with pa:;umter 81 and b is
knosn (with certainty) t?) be .the seme constent &s in the specification
of the "true" process ebove.

To check that this exexple gatisfies the consistency criterion, -
it is on'l:,' necessery to observe thet for Yy x= (xl,...,xn), the
observations

alx
g, = 2oL o K

i xi xi

vill be exponentielly distridbuted with rceen )‘_xk/?ax:1 and hence with
k

L

pareceter x.E/ZxL.
5 .

k
The imiqueness criterion is satisfied es long es z 2 0, vhich

follows irredietely frecz the fact thet 2z is exponentially distributed

&and hence, elrmost surely non-negative.

The opticel output for firm i with e prior degenerate st 81

is clearly bei/2. since profit is A 5 %5

=bx, - z,x° end expected pro-

. 2.
fit is ‘bx1 - xiEzi. o ;

. We can therefere write the perceived peremeter values 9i &s a -

function of those believed ex ente as

- xi'é ei'é
1" Ix ~ Ve °
P % _

-

A collection of ei such that ei = 61 for &1l 1_ will be en

equilibrium in the sense defined ebove. This is setisfied vhenever
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{ek = 8, which cen obviously hold for infinitely reny comdinations of

01.

Intuitively, the multiplicity end variety of equilibrig. are
possidble because & firm which hes quite optixristic expectations, thet is,
derge 81 implying inelastic dezand, will produce lerge outputs; hence
the ot-h.er fircs vi1'l receive pessizistic cbg.er\'aticns (.hig;x elesticity of
demend) which will jJustify the pessimistic expectetions thet they hold in
equilibrium. ‘

The esyr—etry of thé pessidle equilibria are the rein roint of
this rsther sirplistic exezple. Ve \.'iAll return to it as e%e.v:ple 6 to
exaninre the dynexics of the leemning p;-acess, end in particulear to
ghow how theesyr—metries of the e:;ﬁilibria cay be produced from diffe-

. rences in initiel priors. |
Exerple 2:

| Exerple 1 is quite unreslistic because e;ach ronopolistic ccrpe-
titor is behaving as if he were a ronopolist in the sense that he believes
that the dermend curve he faces hes the sar:érintercept, b, &s the.true

demendé curve for the entire market.

Iet us therefore nodify éxe=ple ) to the extent that

(xl,...,nn)' =y = 6(x,z) = (_bi - zzxk) | i=1,..c.4n

end

+ I"bi"zixi 'y 1"’1......!1



vhere the 'bi may differ froz each other'nnd the stochastic specifNca-
tions of z end {zi) are the saze &s &bove.
The consistency end miq{;enes.s criteria mey be verified es in

exarple 1. In equilibrium, the reppings

,.' bieie

lkk ..

have & fixcd point at '61, i=1,...,n. Substituting o, = '51 end

i
61'= '51 .e.bove, this i.s showvn to be i::pos‘si-ble unless &‘!..l the bi are
equal. Tnet is, no equilibrivm exdsts in this exa:ple—-e;ccept in the
borderline cese ib which it degenerates-to exexple 1. The techricel ree-
son for this is that the functicns ebove ere defin;:'d on the non-negetive
: feals vhich are not ccrpeect and hence ro fixed peint need exdst in gene-
:ra.}.. This shows that the principles disccvered in exarple 1 should not

be overstated, because they ey be spurious es they are only pessidble in

& halrline specification of the rodel.

f}xcmle 3:

Fortunately, the pathology .of exe=ple 2 need not be too worrysome
‘because with a minor modification in the direction of reality eand genere-
dization, the possibility of en equilibriuvn is restored. The c.ost of this,
“however, is a violation of the ‘miqueness criterion, which mekes a dynexic
enalysis using the specification we heve set forth sbove imposqlble. It

ghould be possidble to study the leam‘ng processes involved in & dnanic



-ik-
formuletion of this exarple using the zethods of Beyesien eccnonetrics,
At present the &ynerdcs of this exwrple rerwain 6pcn, and wve present
only en enalysis of the equili;oria.

It is cheracterized by the model

(ﬂl,¥--.ﬂn) =y = G{x,2) = (bi - %z&i? S i= l...f,n

Vhere 2z is exponentielly d@istributed with parcreter ® end b, are

constents, end the personel rodels

j:ggi(x vu oz)-b -.ZG - 2Z.X

i i i™i

vhere bi is the (correztly knewn) intercept of the derend curve, o

is en wnknown constrat end 2 is exponentially distridbutcd with pere-

xeter Bi.
The consistency condition is setisfied since, for eny {gk} the
paraxeter values o, 2 xk end 6, = 6 vill Eive rise to enticipeted
k+1 i

distributions for (a ,zi) thet correspend to the perceived freguencies.

Profit raxirization irplies thet x, will be set so &s to setisfy

i
x g——-b_j.'.__-:._i.
i ekz; 2
vhich can be written
b,0,-a
x = 11 74

i 2
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since 2y is exponeniielly distributed. The observed z{'s are

z.{:&_
gz, = £ .
A | u1+xi

Teking the meen of the rendon vericbles on both sides of this equation,

If expectetions are'bcins fulfilled when eech agent chooses

bis optirel output,

b
Yz
d SR - -
o, b, o, -2
AL '
2

for a1 {i.
let y= (ai/ei) + b, which is independent of i ir eny equili-
brium because it is equal to the right-haﬁd sidé_of‘the gbova equation.

One constraint on the perezeter space is that

ai 2 (4] Ibr ell i. Hence,

Y2y, f'orAall 1.
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-

substituting the definition of y in the expression for %

6.y

i .

Since Xy 20 is a further c;:,::straint on choice, we have that y §~2bi
for ell i ix; &ny equili'briu"; .in which all fin*.é ere operatinseftﬁat
is, vhen the first-order condition for the cpiiral output is satisfied
with cquality. |

Therefore, in a1l such equilibrie (2nd we shell concentrete cnly

on those equilibria in vhich all firzs are active),

. . .

n b <Yy 2r.‘ln'b_ .
‘X k= X K

LY

Further, froom the definitica of y; wve have
1 b '
y= sZ“’k% -a) -E(beek - )
. o -
&nd therefore,
o 6, =5+ Jeo) .

Since Z;k =TI 6 - v(16,)/2, the last result yields

Thus, in any equilidbriunm, aggregate 6utput is deternined by the pare-

meter y  end is constfuincd by the inequalities edove.
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Ve nos esk if there exist eny constreints on {xk] other than

xig_o for a1 {4

[ -
2max'b <Zﬁ§0‘.inbk -

Note that if max bk > 2nin bk then equilibria exist, but if the bk
are too da.fferent then there ere no equllib‘la, at leesst with «d) firrs
active. In this sense the present exe=ple generelizes the earlier onecs
end der.cnstrates‘that the prererties exhibited there rmay not be &s spurious
as night othervise have becn expected.

It cen be seen thét, in fact, the c$nstrair.ts aebove cc::pletel:,'
characterize 211 the equilidriz. Let {xk) setisfy thez, then

Z’x:l | :

for a11 {1 .

6, = = .
i 2biy

The 9i ere non-negative by virtue of condition y <2min d®

. k &

Also, by construction,

o, = Bi(x - bj:) .

is non-negative by the other part of the sare cendition,

This exercple i.s of interest because, wlike tl.ﬂ.e p.revious cnes, in
equilidbriun every {ndividual hes a pers.onal :cdel vhich is literally
* exact. That is, he perceives the consteat term in the unit profit fune-

tion to 'be b { X, end the slope of this function to be -z » With
\ i e
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exactly the correct stochestic specification. we'havc shown that if the
firms ere sufficiently similer, equilidbrie exist end, in such cases, &
ccntinuﬁu of equilibria &re pessible. As in example 1, the multipli-
city of equilidbrie cen bte expleined bccause the percepticns of one sgent
indlrcctly affect the perccp.;cns of all others LS they are 11n?ed
through the true econcmic zmodel which they observe cnly pertially.

We cannot at this tire provide en an;ver to the dynemics of this
model, since the feilure of the wniqueness condition gives rise to issues
of experirental design end identification preblezs in their estizatioﬂ.' °
These interesting questicns skould be pursged.in leter éeseu;ch.

Exerple bL: .

In this exscple we move tcwards e rerfectly ccrpetitive systen

. end avsy from the mcnepolisticedly competitive redels of the earlier

cases. It is cheracterized ty the rodel

(ryseeeay) =¥ = o) = (2T .20 - -};c(xi» £=2.m

vhere p({;k.z) is & decreesing function of its first argu—ent for every
K o . .

value of ihe rendoa vﬁriéble 2, and ¢f+) is & convex function. Natur-
&lly, ve think of p es the morket price and ¢ &s the total co#t
.fupction.A . . '

| In the spirit of perfect cc:pctition, all firms will perceive that
Price is a random var1cb1c, waffected by their own productlon level.

That is, their personnl rodels are
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- l‘
Yy = oglx2) = = xi"(xi) .

.

Note that ve essuze thet they Eorrectly perceive their total c?pst
function. We assuze that G, 2z, end Oi are such that the censistency
conditi.on is satisfied. Tne wniqueness condition eleerldy holds in this
exarple. |

In any stationery stsate, P(Z"};") is a rendenm veriedle to
k

vhi.ch there corresponds Gi € ei for every i, such thet zi hes the
san2 distridbution vhen par.a:;aterized by ei.

Optimal behevior irplies thet

‘Bzi=.c'(xi) » Tor ell 1' .

since the seccrnéd-order conditisns ere insured by the cenvexity of c.
8ince the observed z; &re equel to p end hepce icenticel ecrcss
dndividuels, it is cleer that in eny equilibrium the expectaticns cf
&ll indivicuals rust be the seze, The :cnﬁtcnicity essu—ption on G
dmplies therefore thet only one equilibriunm is possible.

Thus, when indivicduals beiieve that they do ﬁot affect market
V;riables by their ections, the link between the expectations of one
egent and the equilibrium cpiizel actions 'of others is brcken and the
possibility of multiple &syz:::etric. equilidbria is recoved.

Exarple 5:

In this exarple we retum to the first one to explore the dynczics

of the lcarning process. In particular we try to show thét the
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multiblicity end asyrmetry of the equilidriea ifx this ezm:;;le are actu-
elly stteined as the li:;{t of the learning-coptizizing process of perti-
cipents in this market. Further, unlike in the t;rpicall results of
Beyesien stetistical inference, ve find thet the equilibrium ettained in
the l‘init is not incependent of the prior beliefs. This settles, in the
negative, one of the questions raised in Section 3. However, the prodlen
of serple dep‘endence receins cpen, for in this exerple at le_e.st, the
equilibrivn éepends cnly on the priors, with prcbebility cne. We

present a conjecture concerning sesple .dependence in the next section.

.

Recall that this mod21 {s spacified by

.

n
Tyeeeym) =y =0{x,2) = b - 2 ) P,
k=1 &
and

.

TEy = gi.(xi,zi) =b-z,x for a11 i ,

vhere b is a constant end 2z is dis‘tribxlxited exponentielly with para-
meter ©. In the learning process, eech individual beli.eves tha.t his
personal rendc::.x.v:_ari-tble zg is diétributed exponentiallﬁ}' with pe.ra::etér
-Oi end is u;'xcertein ebout the value of 81. Expectetions ebout 61

are essuzed to be succarized by & prior which has th.e Tamma distridbutien

wvith ﬁaraneters ¢ &and B. Leaming involves revisihg a and B in

the light of rew evidence reccivead,
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The Gazma and exponentizl distiridutions are celled & conjugate
pairiy because, if priorg'conccruing the perereter of sn exponential
distridution ere distriduted accor&ing to & Camza distribution, then
regardless of fhe evidence obtained, Bayes Theorem will lead to &
posterior which is elso Germa. In fect, Germna is e two-paraceter fezily
and it ¢an be shown thet the posterior is related to the prior in the
folloving sirple wey.

If o and 8t are the parezeters of the prior at tire ¢,

then

+
o = ut l

t+1

and

erc the parermeters of the posterior efter the observation 2z hes been
received. This property rskes these distributions perticulerly well
suited to celculetion for the purpeses of this example.

let us suppc:ze that, fer all indivicuals, i, o = ¢t end let

t=2,... for technicel convenience. Let 812, i=1,...,n be arbi-

trary positive nurders. Ve calculate the optimal output at date t,

Qe -, N ’ . . ] -
Xy = blz“it‘i wvhere the expec?aticn E’itzi depepds on i's prior at

date ¢, and hence on a. gnd Bit’ es follows:

it

:y%ee de Groot [1970]).
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e n & .

= [ 1 '
Bt ]ed““it’sn)(e)

o
it
8 1-2 BtB

T———_—l—)-je e a8 .

This integral cen dbe e\alx.a*ed wsing the stenderd "or—ula,—/

n n=l n-l
Ixneaxd-x-euzt_"'—"‘ + L ) +-(_J‘_I-L_+ ( l)n n! ]

2 n+l
& 8 e a

- Noting that the dcftnite integrel in the etp*es.,ion for Etzi goes fronm

- 0 to e, ve have

8
it
Ei4% "1

"and hence

x,, =21 1, ¢

it 2Bit

Thus the ectual wnit profits received are'

b(t-1) ¢ 2
t -~ 2 Z‘g“)

%, =D~z
k "kt

v

vhere z ~4s the reali:zed value of the rendenm varie.ble' zZ.

The perceived personel rendom variables, es they depend on the

Bidym1,...,n oe glven by

-/ Sce
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. for 11 1 .

. 1
=z8 . )=,
it "t LB,

Note that 2, > 0 since 2z, is expcnentiel end hence non-negaiive

it t
and B, is non-negative, for all k end el t by virtue of the

revision rule. Using this revisicn formule,

1
B =g, . (1+2z 7)) , foranl { ,
i,t41 »it t X Bkt
&nd hence
By a1
-8——’-——_'_ P

Jattl

is & constent for eny perxticwler palir of ezents 4 end J, and is
z,. Therefore ve cen let Bit/BJt = ey
for any pair 4,J, 1 # J. Then ve cen write .

indspenéent of the reelizetica

By a1 = Byp ¥ %y Ecik ‘ '

and
e T e '

B = B + Z ( C, . - ) —

-1,t+§ it veo SHVLTik - :
Thus

. Bi t4s
~—=2—= converges to (Ez)(Jc, ) for all 4
? ¥ ik .

by the lev of large nuchers.
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For the Gemze distributicn with paremeters a and ‘8 the mean
$s o«/B, end the verience is u/Be. Therefore the priors converge to
degenerate d.istnbutlc"s at 6, = e/}:cik for e11 i, since Ez = 1/8.

i g
Note that

- - - 1
Jog = B(se—) = 8] ——= 7]
- O L N P R
. 13 12 x P
xPyo

andietting z -é}-- = ¢, ve heve thst
.k ‘

"Hence the liziting peresster velves of the leerning process are equili-
. bria es exe—ple 1 hes deronstrated, end further eay equilibrium is e
possidble lirit of the process which will bte echieved if the initiel

priors are parsmeterized by B's which stend in the same ratio.
'

5. Conclusicn - ‘ . | .

This peper hes been & prelirinery e.ffort et studying equilidbria
in expectations. Meny open problers exist. In e negative vein, a
p&ésible conJecture is that t.he pfoperty of sesple independence, vhich
ves possessed by exexple 5, would fell whenever the optimal actions
are non-lineer in the neean of the releve.nt rendon veriedble,

" The most 1ntercsting elass of problers surrounding this approach
48 to dccide how an eccnenic agent should choose and reject his perscnal

model. We had been essuzing thet he reteincd his rmodel thfoug,‘nout the
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estiration procedure, continuwlly opti=izing with respect f:o it.  But
if it vere funcementally incorrect fn thot the true functionel forcs dig
not correspohd t‘ob ear point dn his fersone.l partz=ter space, we should
allo;: for the possibility thet the individuel will optizize on his

choice p'r podel &s well. The hierarchy. of raticnelities that would

~Yesult from this epproach would be likely to suffer fro= the sexe besic

problers es our sirple models encownter. This leeds to the hope that

pon-raxinizing (setisficing) rocels might dbe fruftfuily wiited with this

_ structure.

There are elso a veriety of statisti_ca.l problexs which rezain to
be settled even in the sinplest ceses. For exezple, it would be highly
desireble to study the leernirg &rnex=ics of exexple 3, except thsat, to
our knowledge, the correspording scluticn to the Bayesiean statisti:cal
problem thet would have to be sclved by each firm at every stsge, is
itself uwknowm. - |

Finelly, it wvould be useful +to synthesizé the learning-opticizing
"{nterections of this peper with the models ceacerning cﬁtirpl experizental

design in the pricing process.
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